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| PREFACE '

The ongoing Global Pandemic Covid-19 that has engulfed the entire world has changed every
sphere of our life. Education, of course is not an exception. In the absence of Physical Classroom
Teaching, Department of Intermediate Education Telangana has successfully engaged the students and
imparted education through TV lessons. In the back drop of the unprecedented situation due to the
pandemic TSBIE has reduced the burden of curriculum load by considering only 70% syllabus for class
room instruction as well as for the forthcoming Intermediate Examinations. It has also increased the

choice of questions in the examination pattern for the convenience of the students.

To cope up with exam fear and stress and to prepare the students for annual exams in such a
short span of time , TSBIE has prepared “Basic Learning Material” that serves as a primer for the
students to face the examinations confidently. It must be noted here that, the Learning Material is not
comprehensive and can never substitute the Textbook. At most it gives guidance as to how the students
should include the essential steps in their answers and build upon them. I wish you to utilize the Basic
Learning Material after you have thoroughly gone through the Text Book so that it may enable you to
reinforce the concepts that you have learnt from the Textbook and Teachers. I appreciate ERTW
Team, Subject Experts, who have involved day in and out to come out with the Basic Learning Material

in such a short span of time.

I'would appreciate the feedback from all the stake holders for enriching the learning material

and making it cent percent error free in all aspects.

The material can also be accessed through our websitewww.tsbie.cgg.gov.in.

Commissioner & Secretary

Intermediate Education, Telangana.
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| FUNCTIONS '

Functions: Let A and B be non-empty sets and f be a relation from A to B. If for each element
aeA, there exists a unique beB such that (a, b) € £, then fis called a function (or) mapping
from A to B. It is denoted by f: 4 — B. The set A s called the domain of f'and B is called

the co-domain of f.

Range: If f:4— B isa function, then f{A), the set of all f-images of elements in A, is called
the range of /. Clearly f(4)= {f(a)/a € A} c B. Also f(A) = {beB/b = fla) for some
acA}.

Injection or one-one function:A function f': 4 — Bis called an injection if distinct elements
of A have distinct f~images in B. An injection is also called a one-one function.

f:A— Bisaninjection & a,,a,€ A and q, #a, = f(a)) # f(a,)
<a,a, €Aand f(a)=f(a,)=a =a,

Surjection: A function f: A4 — Bis called a surjection if the range of f'is equal to the co-
domain.

f:A— Bis asurjection <> range f= f(A) = B (co-domain)
< B= {f(a)‘a eA}
<> for every beB there exists atleast one a€ A such that f{a) = b.

Bijection: If f: 4 — B isboth an injection and surjection then fis said to be a bijection or one
to one from A onto B.
(ie.) f:A— B isabijection <> f1is both injection and surjection.
< (1) Ifa,a,eAand f(a)= f(a)=a =a,
(i) for every b € B 3 atleast one a€A such that f (a) =>b.
Finite set: If A is empty or 3 n € N such that there is a bijection from A onto {1,2,3........... ,n}

then A is called a finite set. In such a case we say that the number of elements in A is » and
denote it by |A| or n(A).
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Equality of functions: Let fand g be functions. We say f'and g are equal and write /= g if
domain of /= domain of g and f(x)=g(x) for all x € domain f.

Identity function: Let A be a non-empty set. Then the functionf: A — A defined by f(x) =x V¥
x € A'is called the identity function on A and is denoted by I,.

Constant function: A function /: A — B is said to be a constant function, if the range of f
contains one and only one element i.e. f{x) =c V x € A, for some fixed ¢ € B. In this case

the constant function f will be denoted by c itself.
Very Short Answer Questions

1. If £:R\{0} - Ris defined by /(x)=x+~ then prove that (£(x))’ = £(x*)+ £(1).
x
Sol. Since f(x)=(x+lj
x
2 » 1 ( 1]
SE)+fD)=x"+—+|1+-
X 1

1
=x'+—+2
X

- (x +%}2 =[f]

3x—-2,x>3
2. If the function f'is defined by f(x) ={x* —2,-2 < x <2 then find the values, if exists, of
2x+Lx<-3
@ f @, (1) f(2.5), (i) f(=2), (iv) £ (), (V) £(0), (vi) /(7).
Sol. Note that the domain of f'is (—o0,—3)U[-2, 2]U (3, ©)
(1) Since f(x)=3x-2, forx>3, wehave f(4)=12-2=10
(i1) 2.5 does not belong to domain f, £(2.5) is not defined.
(iii) Since f(x)=x"—-2,-2<x<2,wehavef(-2)=(-2)*-2=2
(iv) Since f(x)=2x+1x<-3,wehave f(-4)=2(-4)+1=-7
(v) Since f(x)=x"-2,-2<x<2, we have f(0)=0*"-2=-2
(vi) Since f(x)=2x+1,x<-3,wehave f(-7)=2(-7) +1=-13
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3. IfA= {0,

w A

2

%, % , %} and f: A — B is surjection defined by f(x) = Cos(x) then find B.
— B

Sol. Let f:A be a surjection defined by f(x) = Cos(x)

Then B = rang of f = f(4) = { £(0), f(%j f(%], f(%j f(%j}

=| Cos0, Cos E, Cos E, Cos E, Cos z
6 4 3 2

By
27272

Cos*x + Sin*
4. If f(x):M V x € R then show that /(2012)=1.
Sin“x+Cos™x
2 . 4
Sol. f(x)= Cos“x+Sin"x

Sin’x + Cos*x

B 1—Sin*x+ Sin*x
1—Cos*x+Cos*x

B 1-Sin*x (1-Sin’x)
1—Cos’x (1-Cos’x)

_ 1-Sin’x Cos’x
1-Sin*xCos*x

fx)=1
£(2012) =1
x+2, x>1
5. If the function fis defined by /(x)=792,  -1<x<I  then find the values of

x-1, -3<x<-1
O3 @70 (L35 V) Q)+ (=2) V) (5)
Sol. (i) Since f{x) =x +2,x>1wehave f(3)=3+2=5

(i) Since f(x) =2, -1< x <1 we have f(0)=2
(iii) Since f(x) = x—1, -3<x<-1 we have f(-1.5)=-1.5-1=-2.5
(iv) Since f(x) =x+2,x > [ we have f(2)=2+2=4

ftx) =x—1,-3<x<-I we have f(-2) =-2-1=-3

f2) +f(~2) =4+ (-3)=4-3=1
(v) As =5 does not belong to domain f, f(—5) is not defined.
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Sol.

Sol.

Sol.

f:R\{0} > R is defined by f(x):x3—i3 then show that f(x)+f(l):0.
X X

O L
X

O ) R
X X X
1-x*

If :R— R isdefined by f(x)=
1+x

1—x?
g

f(x)=1

B Sin’0

1+tan’0 Sin’0
I+

Cos™0

f(tan0) =

Cos’0 — Sin’0

" Cos®® _ Cos’0—Sin’0

Cos™0 +Sin®  Cos 0 + Sin’0
Cos*0

f(tanB) =

f(tan®) = Cos™® —Sin’®@ = Cos20

1+x

If /:R\[£1]—> R is defined by f(x)zlog1

1+x
f(x)=log|l—
I-x

2x

2x 1 ! 1+X2

4 1+x*) s 2x

, then show that f (
x

- then show that, f(tan6)= Cos20 .

2x
2

" j:2f(x).
+Xx
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1+ x% +2x
1+x°

1+x* —2x
1+x*

=log

(1+x)’
(1-x)°

=log

2
1+x
=log|—
1-x

1+x

—X

=2log

f( 2 jzzf(x)

1+x°
9. A=1{2,-1,0,1,2} and f:A — Bis a surjection defined by f(x)=x"+x+1 then
find B.
Sol. f:A — Bisasurjection =V be B Jae Asuchthat f(a)=>b
A=1{2-1,0,1,2}
f(x)=x"+x+1
f(=2)= (=2’ +(=2)+1 =4-2=3
SED =D+ (=D +1=1
f£(0)=(0)+(0)+1=1
fH=1"+1+1=3
f(Q)=Q2) +2+1=7

© B=1{1,3,7)
2_
10. A=1{1,2,3,4'and f:A —> R is a function defined by f(x):x—xl”, then find the
X+
range of f.
Sol. f:A—>R= f(A=R
xP—x+1
Sx)=——
x+1
Po1+1 1

SO==7==3
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22-2+1 3
2 :—:—:1
/@) 2+1 3
3?-3+1 7
=" _
/G 3+1 4
42 —4+1 13
H=——_"" -
J@ 4+1 5

1 713
Range of /' = 5,1,1,?

3+3 , then show that

11.  If the function f:R — R defined by f(x)=
S+ fx=y)=2f(0)f ().

343 3437
5 TW=—

Sol. f(x)=

3(X+y) +3—(X+y) 3y +3—(x—y)
+
2 2

LHS= f(x+y)+ f(x—y)=

— %Pw £ 376 4 3w 3—<x—y>]

= %[3@ +337 4373 43737 ]

RHS=2f(x)f(»)

_5 34373 +377
2 2

=%(3" +37)(3"+37)

= %(3@ +337 4373 43737

— %(3X+)’ 43570 37 370y )

_ l(:},(ﬁy) +376r) 4 36 3*()(*}}))

LHS = RHS
S+ +f(x=»)=2f()f(¥)
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PRACTICE PROBLEMS

X

, then show that f(1—x)=1- f(x) and hence deduce

1 :R — R defined by f(x)= :
. f:R —>Rdefined by Y

the value of f(i}rzf(%}ﬁr(%j

Real valued function
If X is any set, f/: X — R then fis called a real valued function.

12. Find the domains of the following real valued functions
1
) - R
R Y
1 1
Sol. P ENVREN eR = S
(x"=D)(x+3) (x+D(x-D(x+3)

=S x+D(x-D(x+3)#0= x = -1,1,-3,
Domain of fis R \{1, -1, -3}

2x* =5x+7

i = a3

2x> —5x+7 c
Sl (-2 -3)

= (x—1)(x=2)(x=3)#0

=>x#1,2,3
Domain of f is R\{1,2,3}

1i1) S(x)= log(2——x)

1
—— ¢
Sol. log(2—x)

= (2-x)>0 2—-x#1
x—2<0 —-x = —1
x<2 x =1

Domain of /" is (-0, 2)— {1}
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Sol.

vi)

Sol.

13.

Sol.

=l
f@) =3

xifx>0
f(x)=|x|={_x ifx<0

:>| 3| x=3ifx-3>0
X — =
—(x-3)ifx-3<0

Domain of f is R.
f(x)=+4dx-x’
f(x)=v4x-x> R

Sadx—x>20
& xP—4x<0
S x(x-4)<0
& x20,x-4<0
Domain of f is [0, 4]
1
1-x°

1

f(x)=

fx)=

S‘
=
18]

VI=x* >0

=x*-1<0
—(x+ 1) (x=-1)<0
— (x+1)>0,(x—1)<0

x>-1;x<1

Domain of f is (-1, 1)

Find the range of the following real valued functions
i) log|4—x’|

f(x)= log‘4—x2‘

f(x)=1logx; Range = (—o0, )

f(x)= |x|; Range = [0,%0)

f(X)eR = 4—-x"#20,x" #4, x#-2,2
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Sol.

iii)

Sol.

Domain of f =R — {-2,2}
Range of f =R

S@) =] x

S =lx]-x
S(x)=[x]-x20
=[x]=x

Domain of /= Integers Z
Range of /= {0}

Sinm[x]

1+[x°]

Sinm[x]
1+[x%]

fx)=

fx)=

=1+[x*]#0
Domain of f =R
Range of f= {0}

[ Sinmt =0]

Find the domains of the following real valued functions

v f=2
Sol. /()= _‘24
x—2#0
x4
f0="=
_ (x+2)(x—2) PN
(x=2)
f(x)#2+2=4
Domain of f=R — {2}
Range of f= R — {4}
PRACTICE PROBLEMS
I.
i) S)==

x+1

Ans: R — {-1}
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(i) fx)=+x*-25 Ans:R—(-5,5)
(i) f(x)=~[x—[x] Ans: R
(iv) f(x)=+[x]-x Ans: Z
V) f(X)=6x_i2+5 Ans: R — {1, 5}
1
(vi) S(x)= m (a>0) Ans: R —[—a, a]
(vii) f(x)=/(x+2)(x-3) Ans: R — (-2, 3)
(vil) f(x)=(x—a)B-x) (0O<a<P) Ans: xe[a,p]
(x) f(x)=v2-x+1+x Ans: [-1, 2]
x) J()= erﬁ Ans: R —[-1, 2]
II. Find the ranges of the following real valued functions
O orr Ans: [3,0)
Long Answer Questions
1. Iff=1{4,5), (5,6), (6,-4)}, g= {(4,-4), (6,5), (8,5)} then find
@ f+g (i) f-g (i) 2f+4g (v) f+4 (V) fg
~vi) flg (Vi) | f] (viii) /£ () f7 x) f°
Sol. Domain of =A=1{4,56}
Domain of g =B={4,6,8}
Domain of f+g = ANnB =[4, 6]
D) f+g={(45-4),(6,-4+5);={(4.]), (6,1}
(i)  f-g={(4,5+4),(6,-4-5)}={(4,9),(6,-9)}
(iii) Domainof 2 f = A= {4, 5, 6}

Domain of4 g = B= {4, 6, 8}

s 21 =4{(4,10),(5,12),(6,-8)}

oo 4g={(4,-16), (6,20), (8,20)}

Domain of 2 f +4g = {4, 6}

2f+4g = {(4, 10-16), (6, -8+20)} = {(4, —06), (6, 12)}
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(iv) Domain of f+ 4 =A=1{4,5, 6}
f+4=1{(4,5+4), (5, 6+4), (6, 4+4)}
={(4,9), (5, 10), (6,0)}
(v) Domainof fg =AnB={4,6}
f& =14, )4)), (6, H(=5)}
= {(4, -20), (6, 20)}

(vi) Domain of é = {4, 6}

£
g 4 5
(vil) Domain of | f| A= {4,5, 6}

|f1=1(4,5), (5, 6), (6, 4)}
(viii) Domain of \/f {4,5}

J7 =14.45), 5, 46);
(ix) Domainof f>=A={4,5,6}
7 ={(4,25), (5, 36), (6, 16)}
(x) Domainof f’=A={4,5,6}
P =1{(4,125), (5, 216), (6, -64)}

2. Iff(x)=x" and g(x)= |x]|, find the following functions:
() ftg (Df-g (@i)g (v2f mf  (vi)f+3

Sol. f(x) =x?

x, x20

—x, x<0

gx) = |x| = {

Domain f* = Domain of g =R

Hence the domain of all the functions is R.

X +x, x>0

)+ =f(x) +gx) =x*+|x| = {

x*—-x, x<0

xX—x, x>0

() (- D)) =) — ) =% x| = {

X +x, x<0

X, x>0

(i) (/&) (x) = fix)g(x) = x|x| = {

—x*, x<0
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(iv)
v)
(vi)

Sol.

(1)

(i)

(iii)

(iv)

Sol.

)
(it)

(ifi)
(iv)

(2f) x = 2fix) = 2x?
[P0 = () =) =x
(f+3)x) =fix) +3=x>+3

If fand g are real valued functions defined by f(x)=2x-1, g(x)=x", then find

Jf
() 3f-2¢) (v () (fg)x) (i) (? (x)

f(x)=2x-1, g(x)=x
= (f-9)x=f(x)-g(x)

Bf=28)(x) = 3f(x)-2g(x)= 3(2x-1) - 2(x’)

=6x-3-2x"

=-2x*+6x-3

(3f-2g)x =-2x* +6x-3
(J2)(x) = f(x).g(x)
= (2x—1)(x2) =2x — x?

(ﬁ]x:Jf(x) V2ol

g g(x) x’
(f+g+2x=f(x)+g(x)+2
=2x—1+x*+2

=x+2x+1=(x+1)’

If £ ={(1,2),(2,-3),(3,—1)} then find

() 2f (@) 2+f (i) S
f = {(132)9 (23_3)7(39_1)}
Domain of ;, A= {1, 2,3}

(iv) f?

(V) (f+eg+2) &)

21 =1{(1,2x2), (2, 2(=3), (3, 2(-D} = {(1.4), (2,-6), 3,-2)}

2+f1=1{(1,2+2), (2,-3+2), (3, -1+2)
2 +f: {(1’4)a (2’_1)’ (371) }

Jr=12))

}

f2 = {(17 22)9 (23(_3)2)1(33(_1)2)} = {(194)9 (239)9 (331)}

R/
*»*

R/
o

R/
*»*

R/
o

R/
*»*
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' MATRICES '
Matrix

An ordered rectangular array of elements is called as matrix.

1 2 4 1 2
Ex: A= , B=
L 0 —6} [4_3}

Order of Matrix
A matrix having m rows and n columns is said to be of order m x n, read as m cross n or m

by n.
Types of Matrices
1.  Square Matrix: A matrix in which the number of rows is equal to the number of columns

is called a square matrix.

2 1
1 -1 0
Ex: 0 4 4 -1 2
2x2
7 6 9 3x3

Principal Diagonal / Diagonal
If A= [a,] is a square matrix of order n, the elementsa,, a, ...., a, are said to constitute

its principal diagonal or simply the diagonal. Hence a; is an element of the diagonal

according as i =j.

Trace of Matrix
The sum of the elements of the diagonal of a square matrix A is called the trace of A and is
denoted by Tr(A).
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then Tr(A) = 2+(—1)+9 =10

Diagonal Matrix
If each non-diagonal element of a square matrix is equal to zero, then the matrix is called

a diagonal matrix.

Scalar Matrix
If each non-diagonal element of a square matrix is zero and all diagonal elements are equal
to each other, then it is called a scalar matrix.

0

-1 0
0] K0 \0 _
Ex: , L, 0 -1 0 are all scalar matrices.
0 0 0 0 -1

Unit matrx / Identity matrix
If each non-diagonal element of a square matrix is equal to zero and each diagonal element

is equal to 1, then that matrix is called a unit matrix or identity matrix.

1

1 0
Ex: {O J , 0 1 0 are identity matrices.
2x2 0 0 33
X

Null Matrix or Zero matrix
If each eclement of a matrix is zero, then it is called a null matrix or zero matrix. It is

denoted by O_or O.

X

0 O 0

EX' |: :| O: O
.o 0 0 Py

2x2 0

Row matrix

3x2

A matrix with only one row is called a Row matrix.

Bx: [1 3 -2],
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7. Column Matrix

A matrix with only one column is called a column matrix.

2
Ex: |1

3 3x1

8. Triangular matrices
A square matrix A= [aij] is said to be upper triangular if a; = 0 for alli > .

'A' is said to be lower triangular if a; = 0v i<j.

2 -4 0 -3 1
Ex: | 3 -2 | ¢ 4| arcupper triangular matrices.

0 0 1

pn o =

0 0
|5 g|are lower triangular matrices.
0 1

Equality of matrices

Matrices A and B are said to be equal if A and B are of the same order and the corresponding
elements of A and B are the same.

{all ap 013} {bn biy b13}
Thus A= , B=
ay; ayp  ay byy by b3
are equal ifaij = bijfor i=1,2,3and j=1,2,3
Sum of two matrices
Let A and B be matrices of the same order. Then the sum of A and B, denoted by A + B is
defined as the matrix of the same order in which each element is the sum of the corresponding
elements of A and B.
Scalar multiple of a matrix
Let A be a matrix of order m x n and k be a scalar. Then the m x n matrix obtained by
multiplying each element of A by £ is called a scalar multiple of A and is denoted by kA.
If A= [aij] mxn then kA= [kaij]mx )

Properties of Scalar multiplication of a matrix
Let A and B be matrices of the same order and o, 3 be scalars. Then

(i) a(BA)=(ap)A=p (aA)
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(i) (at+pP)A=aA+BA
(i) 0A=0
(iv) a O=0
(v) a(A+B)=0A +aB

Very Short Answer Questions

-1 3 2 1 X Xy
1. IfA= 4 9 , B= 5 , X = and A + B = X then find the values of

3 X3 X4
X5 Xgs Xy Xy
-1 3 2 1 X1 Xy
Sol. A= ,B= , X =
4 2 3 =5 X3 Xy
A+B=X
-1 3] 2 1 o B
| 4 2}3 =5 T ln oy
Xl—l
_1 4:| |:XI X2:| x2:4
_7 -3 X3 X4 :>x3_7
X4——3
-1 -2 3 1 -2 5 -2 1 2
2. A= 1 2 4=t 72 2| c=| V1 2 tenfinda+B+C.
2 -1 3 1 2 -3 2 0
-1 -2 3 1 -2 5 -2 1
Sol.  A=| L 2 4 pg=|l -2 21 12
2 -1 3 1 2 -3 2 0 1
—1+14+(-2)  —2+(-2)+1  3+5+2
A+BeC|1H1H] 2+(-2)+1  4+2+2
2+1+2 —1+2+0 3+(-3)+1
-2 -3 10
31 8
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3 2 -] 3 -1 0
3. 1fa=]2 “2 Ol g-| 2 1 3 dX=A+B then find X.
13 4 -1
Sol. X=A+B
3 2 -17 [=3 -1 o0
|2 2 ol 2 1 o3
13 4 -1 2
34(-=3)  2+(-1) -1+0] o 1 -1
X= |242 241 0+3| =4 -1 3

1+4 3+(-1)

x=3 2y-8 5
4. It 6 |7 12

2

x-3 2y-8 5 2
Sol. 1,49 6 |72 a-4
Sx-3=5=>x=5+3=8= [x=§]

=2y-8=2=2y=2+8=10

2y=1

0

1+2 5 2 3

4} then find the values of x, y, z, a.

0

=Sz+2=2=z=-22=-4

=26 =a-4 >a=6+4=>

x—1 2 5-y 1
5. If| 0 z—=1 7 |=]0
I 0 a-5 1

S NN

x-1 2 5-y

a=10

3
7| then find the values of x, , z, a.
0

1 2 3
So | 0 z=1 7 |=|0 4 7
100

1 0 a-5

Sx-l=1=x=1+1=2=[x=2]
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Sol.

Sol.

=5-y=3=y=5-3=2=[y=2

Sz 1=4=z=4+1=5=>

:>a—5=0:>
1 3 -5
Find the traceof A=|2 -1 5
2 0 1
1 3 -5
-1 5
0 1

0 1 2 12
If A= |2 “lanaB=| 0 1
5 6 0 0
0 1 2 12 3
2 4lgo |0 1 0
4 6 0 0 -1
1 2 3] [o 1
CB_a |0 1 0 |2 3
0 0 1| |4 5
11
4 -5 5
0 1 2] [-1 2 3
4A—5B=4|2 4ls) 0 10
5 -6 0 0 -1
4 3 510
18 12 16| |0 s
16 20 —24 0 0

then find B — A and 4A — 5B.
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6 -7
an-sg= |8 7 16
16 20 -19

1 2 3 3 2 1
8. IfA= and B= then find 3B — 2A.

32 1 1 2 3
1 2 3 2 4 6
Sol.A=321:>2A=642
3 2 1 9 6 3
B=11 2 3233 ¢ 9
9 6 31 2 4 6 7 2 -3
3B-2A=13 ¢ 9l |6 4 2| T |3 2 7
i0
9. IfA=|, _, then show that A 2= -1, (i = -1).

i 0
Sol. A= 0 —i

4
10. IfA= [

[4 2 4 2
Sol. A%2= X
-1 1 -1 1




20

Basic Learning Material

1410
A= s

11. IfA= {

21’0 i 0
Sol.A=Ol.><Ol.

-1 0
A=y | PlAZ=a

2 4
-1 k&

2 4
Sol. A=|_4

12. IfAZ{

i 2 47 [2 4
A2= AXA= | 1 s

-1 k

[ 4+(-4) 8+ 4k
2 =
A | —2+(—k) —4+k?
[0 8+4k
2 =
A 22—k —4+k?
A2=0

} and A% = O then find £.
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=2 1 2 3 1
13. IfA=| 5 (0|andB= 4 0 2 then find 2A+B! and 3B'-A.
1 4
-2 1 2 3 ]
Sol. A=| 5 0[.B=| 4, ¢ »
-1 4
2 1 -4 2
2A=2| 5 o|=(10 O
-1 4 -2 8
) B
) 1
2 12
—4 2] [-2 4] -6 6
—=2A+B!'= (10 O |+] 3 0|=1|13 0
5 g 1 2] |-1 10
) 4 -6 12
~3B'=3 |3 o9 O
1 2 6
6 121 [=2 1 -4 1
—3Bl-A= | 9 0|_| 5 0| = 0
6| |-1 4 4 2

14.

Sol.

2 —4
IfA= {_5 3} then find A+A', AA'.

2 -4] [2 -5
A=ls 3P AT 4 3
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[4+16 —10-12
1 —
AA=I10-12 2549
20 -22
1 =
A=l

Symmetric matrix
A square matrix A is said to be symmetric if A' = A.

12 0
Ex:A=|2 3 71
0 -1 4

Skew Symmetric matrix

A square matrix A is said to be skew symmetric if A!= —A.

0o 1 -2
Ex: -1 0 4
2 -4 0
-1
15. IfA= 2 is a symmetric matrix, then find x.
3 x
-1 2 -1 2 3
Sol. A= | 2 5§ , Al= 5 x
3 x 3 7
A is Symmetric matrix «|Al = A
-1 2 3 -1 2
25 x¥l=|2 5 6
6 7 3 x 7
=
0 2 1
_ |2 0 =2]. . .
16. IfA= is a skew symmetric matrix, then find x.
-1 x O

Sol.

A is Skew symmetric matrix s [Al = _A
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0 -2 -—1] 0 2 1
2 0 x|_ -2 0 -2
1 -2 0 -1 x O
0 -2 -—1] 0 -2 -1
2 0 x| _1|2 0 2
1 -2 0 1 —x 0
coso.  sina
17. IfA= . then show that AA'=A'A=1.
—sino.  cosa
coso.  sina coso.  —sinao
Sol. A= . , Al=| .
—sina. cosa sina cosal
[ cosa  sina |[cosa  —sina
AAl= . .
| —sino.  cosa || sinal cosa
coszoc +sin2a —CoSo. sina +sino coso
B | —sina. cosa. +coso sina sinzoc +coszot
1 0
o 17!
coso.  —sino coso.  sina
AlA= | . ) .
sina cosa. —sina.  cosa

|
|

1
0

cos2 o+ sin2 o

sinol cosol — cosa sino

—coso. sinal + sino cosa

2 2

sin“a +cos” o

|

0
1

-

AAL = AlA =T
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Short Answer Questions (4 marks)
0 1 2 1 =2]
1. IfA=|1 2 3|andB=|-1 0] thenfind AB, BA.
2 3 4 2 —1]
0 1 2] 1 -2 [0-1+4 0+0-2
Sol. AB = 3 -1 0 _|1-2+6 -2+0-3
2 3 4l 12 1], [2-3+8 -4+0-4
3 =2
—~ AB=|>
7 -8 ]
1 -2 0 1 2
. BA = -1 0 o2 3
2 -l 3x2 2 4 3x3
Since the number of column of B is not equal to number of rows of A, BA is not defined.
1 -2 3 o 2
2. Ifa=| 2 3 —1landB= 0 1 2 then examine whether A and B commute
-3 1 2 1 2
with respect to multiplication of matrices.
Sol. Both A and B are square matrices of order 3. Hence both AB, BA are defined and are

matrices of order 3.

3x3 3x3

1+0+3 0-2+6 2—-4+0
2+0-1 0+3-2 4+6+0
-3+0+2 0+1+4 —-6+2+0

4 4 -2
1 1 10
-1 5 -4
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1 0 2 1 -2 3
BA=|0 1 2|x|2 3 -l
1 2 0 -3 2
[1+0-6 —2+0+2  3+0+4
_|0+2-6 0+3+2 0-1+4
_1+4+0 -2+6+0 3-2+0
-5 0 7
|4 53
i 5 4 13X3
Which shows that AB = BA.

Sol.

.. A'and B do not commute with respect to multiplication of matrices.

1 2 2
IfA=|2 1 2 then show that A2 —4A —51=0.
2 2 1 3x3
1 2 2
A=12 1 2
2 2 1
1 2 2 1 2 2
oo |21 2|2 2

\9)
\9)
—_
[\
[\
—_

[1+4+4 24244  2+44+2
2+2+4 4+1+4 4+2+2
|2+4+2  4+2+2  4+4+1

— 4A= 4 2| -
1
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1 0O O 5 0O O
= 51=15 1 0|=10 5 0
0 1 0 0
Hence A2 —4A — 51
8 s o o] [0 0 o0
_ _ o 5 ofl=(0 0 O
8 o o s| 0 0 0
= A2—4A-51=0
2 3

1

-2 3
4. IfA= [ ) 5} andB= |4 5 |then do AB and BA exist? If they exist, find

2 1

them. Do A and B commute with respect to multiplication?

1 -2 3 4
Sol. A= -4 2 5 5 ,B:
x3 2
3x2

AB multiplication matrix is 2x2 matrix

BA multiplication matrix is 3%3 matrix

2
aB=|! T2 3|4
4 2 5 5

[ 2-8+6  3-10+3 ] [0 -4
AB= | g48+10 -12+10+5| |10 3
2 3
- 3L 2 Y
o | L2 s
2-12 —4+6  6+15] [-10 2 21
_[4-20 -8+10 12+25(_ |-16 2 37
2-4  —4+2 645 2 2 1

Since AB # BA, A and B are not commutative with respect to multiplication.
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30 0
5. IfA=10 3 0 | then find A%.
0o 0 3
Sol. A=|0 3 0]=3 10
0o 0 3 0 1
B 0 0] 4 1 0 0 4
= A+=)3|0 Ol =34 0
0 0 1 0 0 1
10 o] [81 o
Aiog) |0 1 0|_|o 81
0o o 1] |0 o 81
1 1 3
6. IfA=|> 2 then find A3 .
2 -1 -3
1 1 3
Sol. A=| > 2 6
2 -1 -3
1 1 3 ] 3
o] 52 65 2 6
2 -1 3| |2 -1 =3
1+5-6 1+2-3 3469 0
_ |5+10-12 5+4-6  15+12-18| _| 3
2-5+6 -2-243  —6-6+9 -1

0 0 0 1 1 3
3 3 9 5 2 6

A3=A? xA= x
-1 -1 -3 | |2 -1 -3

0+0+0 0+0+0

Ar_ [3+15-18 346-9 _

-1-5+6 —-1-2+43



28

Basic Learning Material

Sol.

1 -2 1

A= |0 1 71 then find A33A2-A-3I (where I is unit matrix of order 3).
3 -1 1
1 -2 1
A=10 1 -1
3 -1 1

1 -2 171 -2 1
A2=AxA=|0 1 —=1[x|0 1 -1
3 -1 1] |3 -1 1

1+0+3 -2-2-1 1+2+1

A2=|0+0-3 0+1+1 0-1-1|_1|-3
3+0+3 —-6-1-1 3+1+1
4 -5 4 1 -2
ANoA2x A=|™3 2 =2|,0 1 -1
6 -8 5 3 -1
4+0+12 —-8-5-4 4+45+4
Ar= |[310-6 64242 -3-2-2
6+0+15 —12-8-5 6+8+5
16 —-17 13
A= |79 10 =7
21 =25 19
4 -5 4] 12 -15 12
aa2—3| 3 2 2| _|-9 6 -6
6 -8 5| |18 -24 15
1 o0 o] [ 0
31=310 1 0|=|/0 3 0
0 1| |

= A3 -3A2-A-31

16 -17 13 12 15 12

-9 10 -7 -9 6 -6

21 =25 19 18 =24 15
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0 O 0153

A3 -3A2_A-31=0

10 0 1
8. Ifl= {0 J ,E= [ 0 0} then show that (al+bE)? = a*1 + 3a?bE. (Where 1 is unit matrix).

Sol. LHS = (al + bE)?
" T1 o] [o 1TF
= |la +b
Ta 0],[0 & 3 e P
110 a] |0 0]] [0 a
2 2 2
a b a b} {a b} a“+0 ab+ba a 2ab
{0 a}:_OaXOa:mo 0+a%| |0 >
a b3 [a b2 {a b | a? 2ab {a b}
= X = X
0 a| [0 a 0 af |0 a? 0 a

B0 b+ | &2 34
LH.S. = s | =

0+0 O+a
R.H.S. =4’ + 3a%bE

310 201
=a01+3ab00

@ 0| o 342 @ 3a’b
= + —
0 4| [0 0 0 a’

L.H.S.=RHS

(aI + bE)3 = a1+ 3a2bE
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cos’0 cosH sin6 } [cos2 () cosd sind)}
=0

s
9. If0—-¢= —, then show that
¢ g e sow [cose sinf  sin?0

cos¢ sind sin® [0}

[cos2 0 coso sin@] [coszd) cosd sind)]

Sol. . .2 . .2
cosOsin®  sin“0O cospsing  sin“ ¢
cos 0 cos’ ¢ +cosO sinB - cosd sind cos>0 -cos¢ sind + cosH sind -sin2¢
" | cos sin®.cos> o+ sin” 0 -cosd sind cos0 sin0 -cosd sind + sin”0 -sin? ¢
0-p=— =0=—
T
= cosf = Cos (Eﬂb = —sind

sin@ = sin(%ﬂbj: cosd

_sinz ) cos’ d— sinzd) cos? () sin’ ¢ cos sin —sin¢ cosd sin’ ()
- (—sin(l) cos¢ )(cos2 ¢ ) +cos? ¢ cosd sind —sind cos¢ cosd sind + coszd) sin’ [0}
_sinz ) cos’ ¢ — sin® [0} cos’ [0} sin’ ¢ cosd — sin’ ¢ cosd
- | —sin¢ cos> ¢ +sin¢ cos> ) - sin2¢ cos’ o+ sin? [0} cos’ [0}
00
~ |0 0}
=0.

Singular Matrix

A square matrix is said to be singular if its determinant is zero.
Non-singular Matrix

A square matrix is said to be non-singular if its determinant is non-zero.
Adjoint of a matrix

The transpose of the matrix formed by replacing the elements of a square matrix A, with

the corresponding co-factors is called the adjoint of A and is denoted by Adj A.
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Invertible Matrix

Let A be a square matrix, we say that A is invertible if a matrix B exists such that

AB = BA =1, where I is the unit matrix of the same order as A and B.

a b ¢
10. FA=|ay, b o

aa by g

L AdiA
~ detA”

Sol.

alAl + blBl + chl
azAl + b2B1 + Czcl
a3A1 + b3B1 + C3C1

det A 0 0
| 0 detA 0
0 0 det A
= detA.1

Since det A # 0,
A.(AdjA)=detA .1

:A(AdeJ:I

det A

Similarly (AdJ Aj A=1
det A

i1s a non-singular matrix then show that A is invertible and

Az
B;
Cs
¢ Al Ay Ag
C2 X Bl B2 B3
e G G G
CllAz +b1B2 +CIC2 a1A3 +b1B3 +6’1C3

Clez +b2B2 +6‘2C2 02A3 +b2B3 +02C3

a3A2 +b3B2 +C3C2 a3A3 +b3B3 + C3C3
1 0 0

=det A 1 0
0 0 1
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AdjA
Let B = then AB=BA=1
det A

AdjA

Hence A is invertibleand A”' =B =
det A

Long Answer Questions (7 Marks)

1.  Find the adjoint and the inverse of the matrix A = | 1

1 3 3
Sol. A=|1 4 3
1 3 4
detA=1(16-9)—3 (4—3)+3
—7-3-3=
.. A is invertible.
7
The cofactor matrix of Ais B = =
-3
7 =3 -3
Adja=BT=|1 1 0
-1 0
7 =3
L_AdA |
det A 1 0

1
2. ShowthatA={3 2 3| isnon-singular and find A"
1

I 2

Sol. A

I
e )
[\
W

I 3
4
I 3
(3-4)
1#0
-1 -1
1 0
0 1
-3
0 [-- detA=1]

3
3
4
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detA =1(4-3)-2(6-3)+1(3-2)
—1-6+1=-4=20

Hence A is a non-singular matrix.

1 -3
The cofactor matrix of Ais B= | -3 1
4 0
1 -3
AGja=BT= |7 1
1 1 -
1 -3 4
Ailede:L_g, . o
det A —4 1 1 -4
13
4 4
3 1
Al= | = — 0
4 4
1y
L 4 4 |
1 -2 3
3. IfA=|0 -1 4| then find (A") .
-2 2 1
1 -2 3
Sol. A=1]0 -1 4
-2 2 1
1 0 —
Al = -2 -1
3 4 1

del (A1) =1 (-1-8) + 0 — 2 (-8+3)
= 940+10=1#0
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_9 8 _ 5
Cofactor matrix of Al= | & 7 —4
_2 2 _1
_9 _ 8 _ 2
Adjoint matrix of A! = 8 7 2
_5 _ 4 _1
adialy | T8 72
Ayt AA) e,

Cderah | o,

-1 -2 =2
4. IfA=| 2 1 -2/ thenshow that adjA=3A! Find A"
2 =2 1
-1 -2 =2
Sol. A=| 2 I -2
2 =2 1
-1 2 2
Al= |2 1 =2
-2 =2 1
-1 2 2
3AI=3 |2 1 -2
-2 =2 1
-3 6
3al= |63 6 1)
-6 -6 3

-3 -6 -6

Cofactor matrix of A=| 6 3 -6
6 -6 3
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3 -6 -6]7T |3 6 6
AdiA=| 6 3 -6 =06 3 -6 . ()
6 -6 3 -6 -6 3
From (1) and (2) Adj A=3A!
detA=—1(1-4) +2 (2+4) -2 (-4-2)
=3+12+12=27 #0

BER I
27 27 27 -1 o) o)
PR IS S N IO
7 2 2|9, L,
6 6 3
27 27 27
1 2 2
5. If3A=| 2 1 —2 | then show that A1 = AT,
-2 2 -1
1 2 2
Sol. 3A=| 2 1 -2
-2 2 -1
| 1 2 2
a- 3| 21 2
-2 2 -1
AAT=T= AT =AT
. 1 2 =2
AT- 52 12
2 =2 -1
. 1 2 2 11 2 =2
axaT— 3|2 1 252z 1 2
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[ 1+4+4  2+42-4 -2+4-2
_ é 2+2-4  4+1+4 —A44+2+2
| 2+4-2 —4+2+2 4+4+1
9 0 0] [1 0 O
_ %O 9 0|=|0 1 0|=I
100 9] [0 0 1
AAT=1
=>AT=AT

Solution of Simultaneous Linear Equations
Cramer's Rule

Consider the system of equations

ax+by+tcz=d,

ax +by+cz=d,

a;x + b3y tegz= d3

aq b g
whereA=|ay b € | is non-singular matrix
a3 by g
X dl
Let X = | ? | be the solution of the equation AX =D where D= |d;
z
ds

a b q
= Leta= |2 B @2
a b a3

ax b ¢
ThenxA= 2% b “
ax by
On applying C, — C, +yC, +zC, we get
ax+by+cz b al |d h ¢

YA = 612)C+b2y+C22 b2 Col d2 b2 6)
a3x+byy+cz by o3| |d3 by c
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d b ¢
A
Alzdz by o _then x = —-
dy by 3 A
aq d ¢
A
Similarly A, =|2 4 | then y=—2
a dy A
a b d
A
A= @ b then z = f
a3 by dj
X Yy z 1
A_l = A_z = A_3 = Z This is known as Cramer's Rule.

Matrix Inversion Method
Consider the matrix equation AX = D, where A is non-singular.

Then we can find A~
AX=D o Al (AX)=A"D
(AA) X =A"D
IX=A"'D

X =A"'D. From this x, y and z are known.

6.  Solve the following simultaneous linear equations by using Cramer's rule.

3x+4y+5z=18,2x—y+8 =13 S5x—-2y+7z=20
Sol. 3x +4y+ 5z=18,
2x—y+8=13
S5x—2y+7z=20

345 x 18
A=|2 -1 8| x=|Y|, D=1
5 -2 7 z 20

Then we can write the given equations in the form of matrix equation as AX = D.

3 4 5
A=detA=|2 -1 8
5 =27
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=3 (-7+16) — 4 (14-40) + 5 (—4+5)

=3(9)-4(=26)+5(1)

=27+104+5=136=#0

Hence we can solve the given equation by using Cramer's rule.

18
13
20

3
2
5

4 5
-1 8
-2 7
18 5
13 8
20 7
4 18
-1 13
-2 20

Hence by Cramer's rule

_A 408
YTA 136
_ Ay 136
YTOA T 136
_ A3 136
TN T136

=408

=136

=136

The solution of the given system of equations is [x=3, y=1, z=1

7. Solve the following system of equations by Cramer's rule.

(1) 5Sx—6y+4z=15, Tx+4y—-3z=19, 2x+y+ 62z=46

Sol. (i) Sx—6y+4z=15,
Tx+4y—-3z=19,

2x +y+6z=46
5 -6 4
detA=|7 4 -3

2 1

, D=119 |, X=
6
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5 -6 4
detA=A=|7 4 =3| =524+3)+6(42+6)+4 (7-8)
21 6
— 13512884
A =419 % 0
15 -6 4
A= T o8y
46 1 6
5 15 4
A= P T3 =676
2 46 6
5 -6 15
a=" P25
2 1 46

_A 1257
YA T 419

_ Ay 1676
YTOA T 419
_ Ay 2514
TN 419

i) x+tytz=1

2x+2y+3z=6
x+4y+9z=3
1 1 1 1 X
Sol. A= 2 3 ,D= 6 X= 17
1 4 9 3 z
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o1
detA=a=" 2 3=1018-12)—1(18-3)+1 8-2)
I 9

A=6-15+6=-3 %0

1 1 1
a=[60 2 3oy
3 4 9
1 1 1
A= 6 3230
1 3 9
1 1
a=P 2 f-p
1 4 3
From C ram er's rule
_A 21
TA T3
Ay 30
y=—o=3=-10
Ay —12
z= =4

X
sol. A= 4 2 1 po|0] x= |V
3 5 2
1 -1 3
detA=A= 4 2

=5+3+42=50+0

o1+ +1@-1)+3302+2)
I
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5 -1 3

N S
5031
153

A=t 0 s
151
1o-1

A=1* 2 Y=100
13 s

A0
YA 50
_8 30,
YTOA T 50
_ A3 100
TN 50

|x=0,y=1, z=2

(iv). x+y+z=9

2x+S5y+7z=152

2x+y—z=0
o1 9
sol. A={? > 7| p=|?] x-=
1 -1 0 :
o1
detA=A=§ f 17=1(—5—7)—1(—2—14)+1 2-10)

=_12+16-8=-4 % 0
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9 1 1
A= 5 Ty
0o 1 -1
19 1
A=P 27—
2 0 -

19
A= 5 52 a
2 1 0

A
YA T4
Ay, -12
y="r="r=3
_ A 220
AT 4

| x=1,y=3, z=5

8.  Solve the following systems of equations by using matrix inversion method.
)3x+4y+5z=18,2x—y—-82=13,5x -2y + 7z =20
Sol. 3x+4y+5z=18
2x—y—8z=13
Sx—-2y+7z=20

3 45 * 18
LetA=|2 -1 8|,x=|”| anaD= |13
5 _9 7 z 20
Then we can write the given equations in the form
AX=D
3 4 5
detA=a=> 1 8 _37+416)-4(14-40)+5 (4 +5)
5 =2 7

=27+104+5=136 # 0
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9 26 1
Cofactor matrix of A = —38 -4 26
37 —-14 -11
9 -38 37
AA= |26 —4 14
1 26 -11

X =A"'D
(AmAJ
X= det A D
[0 —-38 37118

1 126 -4 -14] |13
136 | 1 26 —11]/20

(408
1 1136

X= = |x=3,y=1z=1
1

(i) 2x-y+3z=9
xty+z=6
X—y+z=2

2 -1 3
I 1 1

X
Sol. A= .X=|"|,D=
1 -1 1 z

9
6
2

AX=D=X=A"D

2 -1 3
U e |
detA=A= =2(1+1)+1(0-0)+3(-1-1)
1 -1 1

=4-6=-=2%0
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2
Cofactor matrix of A = -2
4
2 2 -4
adja=| 9 11
-2 1 3
X=A1D
[A@Aj
X = det A D
[ -2 -
x=3| 0 11
=2 1 3
-2
1 |-
oL |4
2 | ¢
1 X 1
X = 2 | _|2
3 z 3
| x=1,y=2, z=3
(iii) x+ytz=1
2x+2y+3z=6
x+4y+9z=3
1 1 1 x|
Sol. A=[%2 %2 3| x=|”
1 4 9 z

AX=D=X=A"D

1

det A= 2
1

1

o =

3
9

=6-15+6

detA # 0=-3

=1(18-12)—1(18—-3)+1 (8 -2)
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6 -15 6
Cofactor matrix of A = > 8 -3
| 0
6 -5 1
AdjA=|-15 8 -1
6 -3 0
X=A'1D
(Ade]
- \detA/ -
| 6 -5 1
X—_§ -15 g8 -1 6
6 -3 0|13
X -21 7
yi__L130]_1]-10
z 31-12 4

. x=7,y=-10, z=4

(iv) 2x—y+3z=8
—x2y+z=4
3x+y—4Z=0
2 -1 3 X 8
sol. A=|70 2 Mx<Y| p=|*
31 -4 z 0
AX=D=X=A"'D
2 -1 3
detA= -1 2 1|=2(8-1)+1(4-3)+3(-1-6)
31 —4

——18+1-21=-38 # 0

detA=-38 # 0
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-9 -1 -7
Cofactor matrix of A = -1 -17 =5
-7 -5 3
-9 -1 -7
Adja= |71 71T =S
-7 -5 3
X=A1D
(A@A)
X= det A D
-9 -1 -7]|[8
38
-7 -5 3]|0
{ =76 1
38
76| [1
X 1
v|_ |1
z |

x=1,y=1, z=1

PRACTISE PROBLEMS
3 -3 4
1. IfA= 2 -3 4 then show that A~! = A3,

0 -1 1

2. Solve the following system of equations by Cramer's rule.
(1) 2x—y+3z=9,x+y+z=6, x—y+z=2
(i)2x—y+3z=8, x+2y+z=4, 3x+y—4z=0
(i) 2x—y+8z=13, 3x+4y+5z=18, 5x—2y+ 7z=20

2. Solve the following system of equations by matrix inversion method.
(1) x+y+z=1,2x+2y+3z=6, x+4y+9z=3
()x—y+3z=5, 4x+2y—-2z=0, x+3y+z=5
() x+y+z=9, 2x+5y+7z=52, 2x+y—-z=0

O o0 R/
XS X4 *»*

<

R/
0:0
L X4



Unit

| Addition of Vectors '

Vector: A physical quantity which has both magnitude and direction is called a vector.
Example: Velocity, displacement, force etc.

Scalar: A physical quantity which has only magnitude is called a scalar.

Example: Length, volume, temperature

Position Vector: : Let 'O' and 'P' be any two points in space. Then the vector OP having
'O" and 'P' as initial and terminal points respectively, is called the position vector of the
point P with respect to 'O'.

Position vector of P (x,y,z) w.r.t. origin O (0, 0, 0) is denoted by .

@‘ = H =x’+y*+2°
Note: AB = OB - OA =Position vector of B — Position vector of A.
Direction Cosines and Direction Ratios:

Magnitude of OP is given by,

Let the position vector of point P (x,y,z) w.r.t. origin 'O' be OP= . Let o, B,y be the
angles made by the vector ;- in the positive direction (counter clockwise direction) of X,
Y, Z axes respectively.

Then Cosa, Cosp, Cosy are called the direction cosines of the vector ;- .
These direction cosines are denoted by /, m, n respectively.

1.e. ! = Cosa,
m = Cosp
n = Cosy

Thus the coordinates x, y, z of the point P are expressed as (/r, mr, nr).
The numbers /r, mr, nr which are proportional to the direction cosines /, m, n are called the
direction ratios of the vector . These direction ratios are denoted by a, b, .
1e. a=Ir
b =mr

Cc =nr
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2
°o*

2 R
L X X4

2
°o*

Note:

Note:

*o*

Note: I’ + m? + n” = 1 but a’> + b? + ¢?# 1, in general.
Unit Vector: A vector whose magnitude is unity (i.e. 1 unit) is called a unit vector. It is
represented by e.

Unit vector in the direction of a given vector a is denoted by a and it is given by,

a

a = —

4

The zero vector is denoted by 0 and it is also known as null vector. We can observe that
the initial and terminal points coincide for zero vector and its magnitude is the scalar 0.
Like vectors: If two vectors are having the same direction, then they are called like vectors.
Unlike vectors: If two vectors are in opposite directions, then they are called unlike vectors.
Negative of a vector: Let a be a vector. The vector having the same magnitude as a but
having the opposite direction is called the negative vector of a and is denoted by ~a.

IfE:E, then —a = BA.

o |

Unit vector in the opposite direction of a = E
The line AB is called support of the vector AB. ———

Collinear (Parallel) Vectors: Vectors with same support or parallel supports are called
collinear or parallel vectors.

1. a, b are collinear (parallel) vectors <> a= kB, where ), is a scalar.
2. The points A, B, C are collinear < AB =ABC, where ), is a scalar.

3.Ifai+aj+akandbi+b,j+b.kare collinear vectors, then b, b, b,
Coplanar Vectors: Vectors whose supports are in the same plane or parallel to the same

plane are called coplanar vectors.
1. The points A, B, C, D are coplanar < AD = xAB+ yA_C where x, y are scalars.
2.1f AB=ai+bj+ck

AC =aji+bj+ck

AD =ai+b,j+ck, then the points A, B, C, D or

. al bl Cl
AB, AC,AD are coplanar <>a, b, c,| =0

a, b3 Cs

The vectors which are not coplanar are called non—coplanar vectors.



Maths-1A 49

(i)

Note:

2
°o*

2
°o*

Triangle law of vector addition: C
In AABC, AB and BC are two sides,

then their sum is represented by the third side, AC.

ie. AC = AB + BC A B
This is known as the triangle law of vector addition.

Parallelogram law of vector addition:

If a, b are the adjacent sides of a parallelogram then their sum

a+b is represented by the diagonal of the parallelogram through
their common point.

This is known as the parallelogram law of vector addition.

Properties of vector addition: For any vectors 5, b and ¢

(i) a+b=b+a (Commutative property)

(i1) a+ (B + E) = (5 + B) +c (Associative property)

(ii1) a+0=0+a=a (Identity property)

Here, the zero vector 0 is called the additive identity for the vector addition.

Let 5,5 be two vectors, then

[a+| < [a]+[p]

fel-fe] = 2B

Equality holds if and only if a and b are like vectors.

If a point P divides the line segment joining the points A(g) and B(l_)) in the ratio m : n,
mb + na

then the position vector of P is
m-+n

Linear combination of vectors: Let a,, a,, a, ....... a, bevectorsandx, x,, X, ...., X_be

scalars. Then the vector X, a_, + ngJr )(381_3 +o...... + X, a,is called a linear combination of
the vectors a_l, Z, Z ....... ,a .
Vector equation of the straight line passing through the point A@) and parallel to the
vector bis r=a +th, t€R

Vector equation of the straight line passing through two points A (5) and B(b) s,
r=(l-t)a +tb, t€R

Vector equation of the plane passing through a point A (5) and parallel to the vectors b, ¢

iS ;:£+tB+SEa t,SE R
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% Vector equation of the plane passing through three points A (5) , B(B) and parallel to the
vector ¢ is r= (I-t)a +tb+sc, t,se R
% Vector equation of the plane passing through three points A(E) , B(B) and C(E) is
r= (1-t-s) a+tb+sc, t,s€ R
VERY SHORT ANSWER TYPE QUESTIONS (2 MARKS)

1)  Find the unit vector in the direction of vector a =2i+ 3j + k.

Sol. a =2i+3j+k

o] =22 +3 41 = A+ 9+1=114

- Unit vector in the direction of a is a = — = 2i+3j+k
o e

~ 2 3 1
= az\/ﬁH\/ﬁjJr\/ﬁk
2) Leta=i+ 2j+3k, b= 3i+ j. Find the unit vector in the direction of a+b.
Sol. a=i+2j+3k
b=3i+j
a+b =i+2j+3k+3i+]

. a+b =4i+3j+3k

a+bl=v4+32+32 =/16+9+9 =34
2+ b= ¢

athb 443743k

a+b T 34

. Unit vector in the direction of ‘5 + B‘ =

1
=—(4i+3j+3k)
34

Ne

3) Find the unit vector in the direction of the sum of the vectors a = 2; +2 j—5k and
b=2i+j+3k.

Sol. a=2i+2j-5k, b=2i+j+3k
a+b =2i+2j—5k+2i+j+3k
a+b =4i+3j-2k

‘5+5‘:,/42+32+(—2)2 =J16+9+4 =29
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AR - T 4ix3) 2k
.. Unit vector in the direction of sum of a and b= ‘a + b‘ J29

4) Let £=2z‘+4j—5k, B=i+j+k and E=j+2k.Find the unit vector in the opposite
direction of a+b+c.
Sol. a=2i+4;-5k
B=i+j+k
E:j+2k
at+tb+tec=Qi+4-5K)+({+j+k)+([+2k)
a+b+c =3i+6j-2k

a+b+c =7 +6 +(-2) =\0+36+4 =49 =7

.. Unit vector in the opposite direction of a+b+c
(@a+tb+o)
§+E+a

_ (Bi+6j-2k)
7
5) If the position vectors of the points A, B and C are —-2i +j — k, —4i + 2j + 2k and
6i — 3j — 13k respectively and AB=AAC, then find the value of A .
Sol. Let 'O’ be the origin.
Then, OA =-2i+j-k
OB =-4i+2j+2k
0OC =6i-3j—13k
" AB = OB — OA=(—4i+2j+2k)—(2i+j—k)
=—4i+2j+2k+2i—j+k
S AB =-2i+j+3k
S AC = 0OC - OA=(6i—3j—13k)—(2i+j—k)

=6i—3j— 13k +2i—j+k

=8i—4j— 12k

AC =—-4(=2i+j+3k)

AC =-4. AB [+ AB=-2i+ j+3k]

— —4AB = AC
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6)

Sol.

7)

Sol.

— 1 —
= ——AC
AB 4
Comparing with, AB = A AC we get,
_ 1
METY

If OA=i+j+k, AB=3i—2j+k, BC=i+2j—2k and CD=2i+ j+3k, then find

the vector OD.

ﬁ=i+j+k

E:3i—2j+k
BC=i+2j—2k
C_D:2i+j+3k

" OA+AB+BC+CD=0D
= OD =0A+AB+BC+CD
=(1+j+k)+@Bi—-2j+k)+(i+2j—2k)+(2i+j+3k)
“ oD =7i+2j+3k
Write direction ratios of the vector a =1+ J — 2k and hence calculate its direction cosines.
Let = a=i+j-2k
Let a, b, ¢ be the direction ratios of vector 7 = xi + yj +zk
Then the values of a, b, ¢ are just the respective components X, y and z of the vector.
Hence, a=1,b=1,c=-2

If [, m, n are the direction cosines of the given vector, then

H:w/lz+12+(—2 2 l+1+4=+/6

a 1
ZZW:—6
b1
m—w—%
ot _72

1 1
. The direction cosines are (_6’_6’

)

Sl
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8)

Sol.

9

Sol.

10)

Sol.

If the vectors —3i +4j +A k and p i+ §j + 6k are collinear vectors, then find A and p .

The vectors, —31 +4j +) k and p 1+ 8 + 6k are collinear.

SB_4r
p 8 6
Sl A
p 2 6
—=_1 1 A
5 and 2%
u=2(-3) 22X =6(1)
6
H=-0 >

“ aA=3and u=-6
Find the vector equation of the line passing through the point 2i + 3j + k and parallel to the
vector 4i — 2 + 3k.

Let a =2i+3j+k

b =4i-2j+3k

Vector equation of the line passing through a and parallel to b is,

r=a+tb, teR

r =(2i+3j+Kk)+ t(4i—2j +3k)

r = (2 +4t)i+ (3-2t)) + (1+3t)k
OABC is a parallelogram. If OA =a and OC = ¢, find the vector equation of the side
BC.
OABC is a parallelogram in which,

OA=a

o C B
OC=c = AB =¢ ~

= OB-OA=c ¢

~ OB-c+0A oL N
= OB=c+a a
“OB=a+c

. The vector equation of BC, r= (1-t)5 + t(£+5), te R
r=(ltH)c + ta

r=c+ta
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11)

Sol.

13)

Sol.

U

U

1)

Sol.

. Let

Find the vector equation of the line joining the points 2i + j + 3k and —4i + 3j — k.
Let a =2i+j+3k
b=-4i+3j-k
Vector equation of line passing through a and b is
(1-t)a + tb,te R
=(1-t)(21+j+3k)+t(4i+3-k)
2-2t—4t)i+ (1 -t+3t))+ B -3t-t)k
2 —6t)i + (1 +2t)j + (3 —4t)k
2(1=3t)i+ (1 +2t)j + (3 -4tk

r

(
(

r
r
r
r

Find the vector equation of the plane passing through the points i — 2j + 5k, —5j — k and
—3i + 5j.

=i-2j+ 5k

=-51-k

=-3i+5j

ol o'l |

~. Vector equation of the plane passing through a, b and c is,

r=(l-ts)a+tb+sc, t,s e R

r =(1—t—s) (i—2j+ 5k) + t(-5j — k) + s(=3i + 5j)

Find the vector equation of the plane passing through the points (0, 0, 0), (0, 5, 0) and
(2,0,1).

a=0i+0j+0k=y

b=0i+5+0k=5j

c=2i+0j+1k=2i+k

Vector equation of the plane passing through a, b and ¢ is,

=

=(1-t-s)a+tb+sc, t,s €R
=(1—-t—s)0 +t(5)) +si+k)
= (5t)] +s(21 + k)
SHORT ANSWER TYPE QUESTIONS (4 MARKS)
Show that the points A(2i —j + k), B(i — 3j — 5k), C(31 — 4j — 4k) are the vertices of a right

angle triangle.

==

Let 'O’ be the origin, then
OA =2i—j+k
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OB =i-3i-5k
OC =3i-4j-4k

" AB = OB - OA = (i-3j-5K)— Qi—j+K)
=(1-2)i + (-3+1)j + (-5-1)k
AB =-i-2j- 6k
= [AB| = o)+ (27 (-6 =\I+4+36 = VAl
BC = OC — OB = (3i—4j—4K)— (i-3j - 5k)
BC =(G-1)i+(4+3)j+(4+5k=2i—j+k
]BC} = 22+ (-1 +1 =Ja+1+1=+/6
CA = OA - 0OC = (Qi—j+k) - (3i—4j-4k)
CA =(2-3)i+(-1+4)j+(1 +4)k=-+3j+5k
CA|= /(-1 +3?+5* =/1+9+25 =35
AB| = (VA1) = (6)’ +(/35)°

~ [AB[ =[BC +[ca[

= A, B, C are the vertices of a right angle triangle.

2)  Isthe triangle formed by the vectors 31+ 5j + 2k, 21 — 3j — Sk and —51 — 2j + 3k equilateral?

Sol. In AABC,let AB =3i+5j+2k
BC =2i-3j-5k
CA

= _5i-2j+3k

AB| = (32152122 =9425+4 =4/38
BC| = /2% +(=3)* +(=5)* =/4+9+25 =38
CA| = J(=5) + (=27 +3 =25+4+9 =38

‘E‘:‘ﬁ‘:‘c_A‘ = AABC is an equilateral triangle.

D C
3) If centre of the regular hexagon ABCDEF is 'O, then show that v
AB+AC+AD+AE=3AD=06A0. E B
Sol. From figure, ~AB+AC +AD +AE + AF ‘&

= (AB +AE) + AD + (AC + AF) F A
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= (AE+ED) +AD + (AC + CD)

(- AB= ED, AF = CD) (from figure)
= AD+AD+AD=3AD

= 6 AO (" O centre, OD =A0O)

, C are non—coplanar vectors. Prove that the following four points are coplanar.

(o]

) a,
() -a+4b-3c-3a+2b-5c--3a+8b-5¢>-3a+2b+c
(i) 6a+2b-c>2a-b+3c»—a+2b-4c> —12a-b-3c
Sol. (i) Let'O'be the origin. Then the position vectors of A, B, C, D are
OA = -a +4b -3¢
OB = 3a +2b-5c

OC = -3a +8b - 5¢
OD = -3a+2b+c
AB = OB — OA =(3a+2b-5¢)—(-a+4b-3c)=4a-2b-2c
AC = 0C — OA =(-3a+8b-5c)—(-a +4b-3c)=-2a +4b-2¢
AD = OD - OA =(-3a +2b+¢)—(-a+4b-3c)=-2a-2b+4c
4 -2 -2
A, B, C, D are coplanar < |2 4 -2|=0
224
4 -2 -2
2 4 2=4(16-4)+2(-8—-4)—-2(4+78)
224
=4(12) + 2(-12) — 2(12)
=48 -24-24
=0
= A, B, C, D are coplanar.
Second Method:

A, B, C,D are coplanar < E, E, AD are coplanar.
< AB=xAC +yAD

where x, y are scalars.

4a - 2b- 2c = x(-2a + 4b - 2¢) + y(-2a - 2b + 4c)

4a - 2b- 2c+2ax - 4bx + 2cx+2ay +2by -4cy =0

(4+2x+2y)a + (-2-4x+2y)b+ (-2+2x-dy)c =0

U

U

U
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" a, b, ¢ are non—coplanar

= 4+2x +2y=0 (1)
2-4x+2y=0 (2)
2+2x—-4y=0 3)

Solving (1) and (2)
2x+2y+4=0
—4x+2y-2 =0
+ -+

6x +6 =0
X =-6/6 =-1

Substituting x =—1 in equation (1), we get
4+2(-1)+2y=0

4-2+2y=0
2+2y=0
2y=-2
y=-2/2=-1

Substituting x =—1, y =—1 in equation (3), we get
-2+ 2(-1)-4(-1)=-2-2+4=-4+4=0
- AB, AC, AD are coplanar.
= A, B, C, D are coplanar.
.. Given points are coplanar.
(1i1)) Let 'O’ be the origin. Then the position vectors of A, B, C, D are
OA =6a+2b-c
OB =2a-b+3c
OC = -a+2b-4c
OD = —12a-b - 3c respectively
AB=0B - OA =(2a -b+3c)—(6a+2b-c)=-4a-3b+dc
AC = OC - OA = (-a+2b-4c)—(6a+2b-0)=-Ta-3c
AD = OD - OA =(~12a-b-3c)—(6a +2b-c)=—18a-3b-2c

4 -3 4
A, B, C,D are coplanar < |-7 0 -3|=0
-18 -3 -2

4 34
7 0 -3|=-4(0-9)+3(14—54) +4(21-0)
18 3 2
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36 +3(-40) + 4(21)
=36-120+ 84
=120-120 =0
= A, B, C, D are coplanar.
5) If1,], k are unit vectors along the positive direction of the coordinate axes, then show that
the four points 41 + 5 + k, ——k, 31 +9 j + 4k and —41 + 4j + 4k are coplanar.
Sol. Let'O' be the origin and A, B, C, D be the given points.

Then, OA =4i+5j+k
OB =-1-k
oC =3i+9j+4k
OD =—4i +4j + 4k
AB = OB — OA = (H—k)— (4i + 5j + k) = —4i — 6j — 2k
AC = OC — OA = (3i+9j +4k)— (4i + 5j + k) =—i + 4j + 3k
AD = OD — OA = (—4i+4j + 4k) — (4i + 5j + k) =—8i —j + 3k

4 -6 -2
A,B,C,Darecoplanar < (-1 4 3|=0
8 -1 3
4 -6 -2
-1 4 3|1=—-4(12+3)+6(-3+24)-2(1+32)
-8 -1 3

= —4(15)+6(21) —2(33)
=-60+ 126 — 66
=—126+126
=0
= A, B, C, D are coplanar.
6) Ifa,b, c are non—coplanar vectors, then test for the collinearity of the following points
whose position vectors are given by
(i) a-2b+3c,2a+3b-4c, —-7b + 10c
(i) 3a-4b+3c, —4a+5b-6c, 4a —7b + 6¢
Sol. (i) Let'O'be the origin and A, B, C be the given points.
OA = a-2b+3c
OB = 2a +3b - 4c
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= _7b + 10c
= OB - 0OA =(2a+3b-4c)—(a-2b+3c)=a+5b-7c ...(1)

| &l &

BC = OC — OB =(=7b + 10c)—(2a+3b-4c)=-2a - 10b + l4c
BC = -2(a +5b-7c)
BC = -2 AB [ from (1)]

— BC = 2BA

= A, B, C are collinear.

(1) Let'O' be the origin A, B, C be the given points

OA = 3a-4b+3c

OB = —4a +5b-6¢

OC = 4a-7b+6c

AB = OB — OA =(4a+5b-6c)—(3a-4b+3c) = 7a+9%-9%

BC = OC — OB =(4a—7b+6¢)—(—4a +5b-6c) = 8a - 12b + 12¢c

AB = A BC.where ) is a scalar.

= A,B, C are non—collinear.
7)  If the points whose position vectors are 3i — 2j — k, 2i + 3j — 4k, -1 + j + 2k and

—146

4i + 5j + Ak are coplanar, then show that A =7

Sol. Let'O' be the origin and A, B, C, D be given points.
0OA =3i-2j—-k
OB =2i+3j-4k
oC =-i+j+2k
OD =4i+ 5j+ ) k respectively.
= AB=0OB - 0A =Qi+3j—-4k)-(3i-2j—-k)=-i+5j-3k
AC=0C —OA =(H+j+2k)—(3i—-2j—k)=—4i+3j+3k
AD=0D —0A =@i+5+rk)-@Bi-2j-k)=i+7j+ (A +1k
-1 53
A,B,C,Darecoplanar <[4 3 3 [=0
1 7 A+l
—1[3(p+1)—=21]-5[-4() +1)-3]-3[-28-3]=0
13\ +3-21)-5(-4)-4-3)-3(-31)=0
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8)

Sol.

131 -18)—-5(-4)-7)+93=0
-3 +18+20) +35+93=0

17y +146=0

17) =-146
146

LA T 17

Find the vector equation of the plane which passes through the points 2i + 4j + 2k,
21+ 3j + Sk and parallel to the vector 31 — 2j + k. Also find the point where this plane meets
the line joining the points 2i + j + 3k and 41 — 2j + 3k.

Let a =2i+4j+2k
b =2i+3j+5k
c=3i-2j+k

~. Vector equation of plane passing through a , b and parallel to ¢ is given by,
=(1-t)a +tb +sc, t,seR
=(1-t) 2i +4j + 2k) + t(21 + 3j + 5k) + s(31 — 2j + k)

=

T
F=Q2-2t+2t+38)i+ (4 -4t +3t—25)j + (22t +5t+s)k
T=Q2438) i+ (@ —t=28) 2 43t+S)K o (1)
Let p =2i+j+3k

q =4i—-2j+ 3k

Vector equation of line passing through 1_3 and (_1 is given by,
:(I—X)I_) +x(_1, X e R

=(1-x) (2i +j + 3k) + x(4i — 2j + 3k)

= 2-2x+4x)1+(1—-x-2x)]+(3-3x+3x)k
=2+2x)i+(1-3x)j+3k (2)

== oR R

Equating the corresponding coefficients of 1, j, k from (1) & (2), we get

2435=24+2x = 2x—=35s=0. e 3)
4-t—-28=1-3x = 3x—-25s—t=-3 e, 4)
2+3t+s=3 = s+3t=1
:3Fﬂ—53t=%$

Substituting 't' value in equation (4), we get

I-s
3x —2s - 3 =-3

9x—6s—1+s=-9
OX — 5S=—=8 e, (5)
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Solving (3) & (5), we get

(2x—3s=0) x5 = 10x—-15s=0
(9x —5s=-8) x -3 = —27x + 15s =24
-17x =24
=24
7
o —24
Substituting x = 77 o (2), we get

- _ 2+2(Z§fji+-1—3ﬂf§) j+3k
r 17 17

T = (2—ﬁji+(l+2]j+3k

r 17 17

34-48). (17+72) .
= i+ Jj+3k
r 17 17

-14 . &9
T =—i+—j+3k
RN TRRET A
—-14 89
.. Point of intersection of plane and line = Faﬁa?’

9)  Find the vector equation of the plane passing through points 4i — 3j — k, 31 + 7j — 10k and
21+ 5j — 7k and show that the point i + 2j — 3k lies in the plane.

Sol. Let a =4i-3j—k
b =3i+7j— 10k
c=2i+5-7k
d=i+2j-3k
Vector equation of plane passing through a,band ¢ is
;=(-t—s)a+tb +s¢c t,seR

= —-t—s)(4i-3j—k)+t(3i+7—10k) +s(2i + 5] — 7k)

If the point d lies on this plane, then

i+2j—3k=(1-t—s)(4i—3j-k)+t(3i+7j — 10k) + s(2i + 5] — 7k)
i+2j—3k=(4—4t—4s+3t+2s)i+ (-3 +3t+3s+7t+5s)j+ (-1 +t+s—10t—7Ts)k
i+2j—3k=(4—-t-2s)i+(-3+10t+8s)j + (-1 —-9t—6s)k

Equating the coefficient of 1, j, k on both sides, we get

4—-t-2s=1 = t+2s=3 (1)
-3+10t+8s=2=  10t+8s=5 ... (2)
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10)

Sol.

—1-9t—6s=-3 = O+6s=2 i 3)
Solving (1) & (2)

(t+2s=3) x4 = —4t—8s=-12
10t+8s=5 = 10t+8s=5

-7
6t =-7 :>t=?
From (1) t+2s=3
%+2s=3
7 18+7
2s= 3+—=
6
- B
6 T 2
From (3)
LHS =9t + 6s
B e
L6 12) 2 2 2 2 ST
-7 25 . .
Lt= FEARET) satisfy (1), (2) and (3) equations.

= d lies on the plane passing through a, b and c.

Show that the line joining the pair of points 6a - 4b +4c, -4c and the line joining the
pair of points —a - 2b - 3¢, a + 2b - 5c intersect at the point —4¢ when a, b, ¢ are non—
coplanar vectors.

Equation of the line joining the first pair of points is,
r=(1-9(-4c)+t(6a-4b+4c) tER

;= (6t)a +(—4t)b + (4 + 4t +4t)c

r=(6Ha + ()b +@Bt—<4)c (1)
Equation of the line joining the second pair of points is,
=(1-s)(-a-2b-3c)* s(a+2b-5c), s€R

r

;=(1+s+s)a +(-2+2s+2s)b + (-3 +3s—5s)c
T=Qs—Da—-@s-2)b+(25-3)c e (2)

Equating the corresponding coefficients of a,band ¢ in (1) & (2), we have
6t=2s—1 = 6t—2s=-1 3)
—4t=4s-2 = 4t+4s=2 = 2t+2s=1 . 4)

8t—4=-2s-3 =  8t+2s=1 e, (5)
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10)

Sol.

Solving (3) & (4), we get

6t —2s=-1
2t+2s= 1
8t =0 =t=0
From (4) 2t+2s=1
2(0)+2s=1
1
2s=1:s=5

1
t=0,s= ) satisfy equation (5).

1
Substituting the value of t=01in (1) ors = ) in (2), the point of intersection of the

lines is —4c.
Find the point of intersection of the line r = 2a + b + (b - ¢) and the plane
r=a-+ X(B + c_:) +y (z; +2b - E) where a,b,c are non—coplanar vectors.
Givenlineis, r=2a+b+t(b-c) s (1)
plane is, r=a+x(b+tc)ty@+2b-c) v ()
At the point of intersection of the line and the plane, we have,
2a+b+tb-c) =a+x(b+c)+y(a+2b-c)
2a +(1+t)b - tc = (I+y)a +(x+2y)b + (x-y)c
.. On comparing the corresponding coefficients,

2=1+y=> y=2-1=1=y=1

l+t=x+2y = 1 +t=x+2(1) => t—-x=1 ... 3)
“t=x-y=>t=x-1=t+x=1 ... (4)
Solving (3) & (4)
t—x=1
t+x=1
2t =2
t=1
From (4) t+x=1
I+x=1
=x=1-1
=x=0

Substituting t =1 in (1) or substituting x =0, y = 1 in (2), we get the point of intersection
of (1) & (2)as 23 +2b - ¢-

o<
o<
o<
o<
o<
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l Product of Vectors '

Scalar or Dot Product of two vectos

Let ;and p be two vectos. The scalar (or dot) product of aand b, writtenas, a. b is
defined as

a.b = 0ifoneofa or bis0

:‘QHE‘ Cos0,if a#0,b=0 and @ is the angle between aand b

Note:
(1) a.b is a scalar.
(i) If 5, b are non zero vectors, than a.b is positive or zero or negative according as the

angle 9 beween a and b is acute or right or obtuse angle.

i) If 6=0°, then
a.b = oo
In particular, 3.3 = ‘5‘ ‘5‘ cos0°= ‘EHE‘
a2 =[af

Orthogonal Projection

- - b D
Let a=AB and b=CD be two non zero vectors. Let P
and Q be the feet of the perpendiculars drawn from C and D
respectively onto the line AB. Then ﬁ is called the
orthogonal projection vector of b on a and the magnitude, A . . B

‘%‘ is called the magnitude of the projection of , on 4 .

=1
o |

_ - - (baja L
1.  The projection vector of b on a is > and its magnitude is ‘5‘
a
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. Gbp .y
2.  The projection vector of aon b is ‘B‘Z and its magnitude is ‘l—)‘

3. Let 5, b be two vectors. Then

(i) a.b= b.a (commutative law)
(i) fa).b=a.(lb)=I(a.b), [ € R.
(iii) (‘a).(mb)= Im(a.b), [, m € R.
(iv) a)-(b)=a-(-b)=-(a- b)
V) a).Cb)=2a-b
Note: If i, j, k are mutually perpandicular unit vectors, then
ti=jj=k k=1
1j=j.k=k.i=0
Theorem: Let a = aitaj+ a3§
b =b,i+b,j+b,k. Then
a-b=ab tab +ab,
Note: (i) If 0 is the angle between two non-zero vectors a and b, then
0=Cos™ E'—E
a| b
a,b, +a,b, +a,b,
\/alz +a,” +a;’ \/blz +b,” +b,’

0=Cos™

(11) a, b are perpendicular to each other <> a b, +ab,+ab, =0

Cross Product of two vectors:
Let a and b be non-zero non collinear vectors. The cross (or vector) product of a and b
written as a x b is defined to be the vector (‘EHB‘ Sin®) n where 0 is the angle between a
and b and n is the unit vector perpendicular to both a and b such that(a, b, n) is aright
handed system.
If one of the vectors a, b is the null vectors or a, b are collinear vectors then the cross

product a x b is defined as the null vector 0.
Note:

(1 If a, b are non-zero and non collinear vectors, then a x b is a vector, perpendicular to the

plane determined by a and b, whose magnitude is ‘EHB‘ sin®.
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(2 axb=-(bxa)
(B) (A)xb=ax(-p)=—(axb)=bxa
(4) (-a)x(-b)=axb
(5) (la)x(p)=Uaxb)=ax(b),l<R
6) (la)x(mb)=Im(axb),l,meR
(M ax(btc)= axbtaxc
@) (atb)xc= (axc)t(bxc)
(9) If(i,], k) is an orthogonal triad, then

(1 1x1=jx]j=kx k=0

(1) 1xj=kjxk=1,kx1=]
Theorem:If£=a1i+a2j+a3k

If b =b,i+b,j+b,kthen

i j k
a a, a

b b, b,

axb -

Theorem: For any two vectors aand b,
— =2 =2 =2 = —\2
b =] f ~(a-b)
Theorem: The vector area of AABC is
- L(ABxAC) - ~(BCxBA) - ~(CAxCB)
2 2 2
Theorem:If 5, E, ¢ are the position vectors of the vertices A, B and C of AABC, Then the
vector area of AABC is l(l_) xc+texatax B) and its area is % bxc+tcxataxb
2
Theorem:
(1)  The vector area of any plane quadrilateral ABCD in terms of the diagonals AC and BD is
L(ACxBD)
2
1 -
(ii) The area of the quadrilateral ABCD is E‘AC X BD‘

(iii) The vector area of a parallelogram with a and b as adjacent sides is a x b and the area is

b

2
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(iv)

Sol:

Sol:

Sol:

The unit vector perpandicular to both a and b is

Ifa=6i+ 2j +3k , b= 2i— 9j + 6k, then find a .band the angle between a and b. 4M)
a = 6i+2j+3k, p=2i—9j + 6k then,

- = _ al — 2 2 2
a-b=ab +ab +ab, and ‘a‘ = ,/a,” +a, +a,

2.5 =6(2)+2(-9)+3(6)=12-18 +18=12

[a|=v36+4+9 =149 =7
‘B‘:m:m=\/l2l=ll

COSGZE 12 12

AR = 7 =77

0=Cos™' (Ej
77

If a =i+2j—3k, b=3i—j+2k, then show that a+ b and 3 —p are perpendicular to each
other. (4 M)

A+t = i+2-3k+3i-j+2k=4i+jk
a—b=(0+2j-3k)—(3i—j+2k)=-2i+3j—5k

(a tb)-(a—b)=42)+13)+(-D(5)

=8+3+5

-, [

b5=0=132 1 bl

~(a*thb)L(a-b)

If 2 =i—j—kand b=2i-3j+k then find the orthogonal projection of b on a and its
magnitude. (4 M)

|

(b.a)a

2

Orthogonal projection of b on a = a

b.a =Qi-3j+k).3{-j-k)
=2(1)+ (3D +1(1)=2+3-1=4

o = SO+ C 1 =TT = 3
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— _ (ba)a 4(i-j-k)  4GQ-j-k)
" Orthogonal projection of bon a = = =
ogonal projection of bon a 2 ( \/5)2 3

a

ba 4 4
Magnitude of the projection vector =-—— = 7= = ﬁ

] M
4.  If the vectors A1 —3j + Sk and 2Ai — Aj — k are perpendicular to each other, find A. (2M)

Sol: If a and b are perpendicular to each other then, a.b=0
(ML) + (3)(1) +5(-1)=0
20 +30-5=0
M+ 50-2A-5=0
CrL+5)*A-1)=0
2L +5=0(or) A—1=0

A== (o h=1

5.  Prove that the angle 6 between any two diagonals of a cube is given by cosf = % .(4M)

Sol: Let the cuber be a unit cube.
Let OA =1, OB =1; oC =k
OF, GC are diagonals
OF =OA+AD + DF E N .
=i+j+k 7\
GC = GB+B0O+0C NDZIE
= i-j+k

If @ is angle between OF and GC, then Y

OF .GC 1D+ 1(=1) + 1(D) F1-1+1] 1
OF(|GC| ~ VP +P+ {1’ +(-1)2+1 ~ 3B 3

CosO =

6.  The Vectors AB = 3j— 2j + 2k and AD =i- 2k represent the adjacent sides of a

parallelogram ABCD, Find the angle between the diagonals. (4M)
Sol: AC = AB + BC

=3i-2j+2k+i-2k

=4i-2j

BD =BA+AD

=-3i+2j-2k+i-2k
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Sol:

Sol:

— 2i+2j— 4k D C

If 0 is the angle between AC and BD, then

AC.BD 4(=2)+(=2)2+0(—4)
CosO = [ac| [BD| = Ja +(-2* J(-2) + 22+ (-4 B
84 “12 ~12 ~12 -3
CosO = l61avarari6  v20v24  oxavoxd 430 103
]
0oso = \/E

Find the cartesian equation of the plane through the point A= (2, -1, —4) and parallel to the
plane 4x — 12y —3z—-7=0. (4M)

The normal to the plane 4x — 12y —3z—7=01s, n =4i— 12j - 3k.
Let P =xi +yj + zk be any point on the plan.

AP 1 n

(OP - 0A).n =0

[(x—2)i+(y+ Dj+(z+4)k]. (4i-12j-3k)=0
4x-2)—-12(y+1)-3(z+4)=0

4x —12y—-3z-8-12-12=0

4x -12y—-3z-32=0

Find the angle between the vectors i + 2j + 3k and 3i —j + 2k. (4M)
Let a=i+2j+3k, b=23i—j+2k
a-b=13)+2(-1)+32)=3-2+6=7

o = Jrr2 ey —Vivai9 - Jia
B - T 7 - Joriid - i

a.b
If 0 is angle between 5 and , = Cos® = g‘w

1
- = — — 0
Cos6 aJia 14 2 Cos60
0 = 60°
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Sol:

10.

Sol:

11.

Sol:

If the vectors 2i + Aj — k and 4i — 2j + 2k are perpendicular to each other, find A. (2M)
Let a =2i+Aj—k; b =4i—2j+2k

If a and b are perpendicular to each other, then a.b=0

S 2@+ AM2)+(-1)22)=0

8—21-2=0

2L =6 .. A=3

For what value of A, the vectors i —Aj + 2k and 8i + 6] — k are at right angles? (2M)
Leta =i—Aj+2k; b =8i+6j— k

If 2 and b are perpendicular to each other, then a.b=0

S 1)+ (=A)(6) +2(-1)=0

=8-6AL-2=0
=6AL=6
A=1

= SinA0, then find A. (4M)

1 P
Let ¢, and e, be unit vectors making angle 0. If ) ¢ —¢

€| =

CosH = ‘eIHGZ‘ = ¢ .¢,

11— —

Given, e —e.] = im0
e, —¢,| = 2sinr6

— —2 ——
‘el —ez‘ = 4Sin*\.0 (- ‘a‘ =aa)

- - . - —2
(el _ez)~(e1 _ez)z4sln27be ('.' el.el :‘el )

_) —— e —2 -
‘el‘ —e,.6, —¢,.¢, -i-‘e2 = 4Sin’A0 (e, =¢e,€)
1-2e.e, +1=4SinA0
2 —-2Cos0 = 4Sln27be ( e_lg =cosHO )
2(1-Cos0) = 4SinA8

., 0

2(2Sin%0/2) = 4Sin?\.0 [ 1 cos0 = 2sin’ 7]

Sin*6/2 = Sin*A.0

= A=

N |~
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12. Ifa =2i+ 2j — 3k, p=3i—j + 2k, then find the angle betwen the vectors, 2a+ band
a+2b. (4M)

Sol: 2a+ b =2(2i+2j—3k)+3i—j+2k=7i+3j—4k
a+2b=2i+2j-3k+23i—j+2k) =8i+k
If O is the angle between 2a+ band a+2b, then

(2a+b)s(a +2b) 7(8) +3(0) + (—=4)(1)
CosO=hablla+2b| T 77 +32+(—4) B+

56-4 52

T J4919+16/64+1  J74A/65

al -3,

(_J‘ =7, then find the angle between aand b. 4M)

13. Ifatb+o =0, B\=5,

Sol: a+ b=-c
(a+b)y=(-c)
(a+b)(a+tb)=c.c

\£2+£~B+E-£+\B\2=\Er

‘52+25-E+‘5‘2=H2

2

2fa|flcoso = -[if -F
2(3)(5) cos® =49 — 9 — 25
30 cosO =49 -34=15

15

Cos = %

CosO = % = Cos60°
0 =60°

14. Ifja|=2, |B| =3 and |E | =4 and each of 5, b, ¢ is perpendicular to the sum of the other
two vectos, then find the magnitude of a+b+c. “4M)

Sol: Given|a|=2, |b|=3 and |c|=4

al(b+tc)= a.(b+tc)=0
a.b+a
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15.

Sol:

bl (c+a)= b.(c+a)=0
b.c+b.a =0
cl(a+b) = c.(a +b)=0

c.a+c.b=0
a.b+a.c+tb.ctb.a+c.a+c.b =0
2(a.b+b.ct+c.a)=0 .. (1)

Now, [a+b+c|P =(a+b+b).(a+b+c)

—2 —_ = —- _ - —2 _ = - - - - —2
‘a‘ +a.b+a.c+b.a+‘b‘ +b.c+c.a+c.b+‘c‘

—2 —|2 —2 - — —_ = - =
‘a‘ +‘b‘ +‘c‘ +2(a.b+b.c +c.a)

=224 324 42+ 2(0) [ from (1)]
—4+9+16

=29

. latb+c|= 29

Show that the points (5, -1, 1), (7, -4, 7) (1, -6, 10) and (-1, -3, 4) are the vertices of a
rhombus. (7M)

Let OA=5i—j+k
OB=7i—-4j+7k
OC=1i-6j+ 10k

OD =-i—-3j+4k
AB=OB-OA =2i— 3+ 6k
BD=0OD-0B =-8i +j-3k
AC=0C—-0A =—4i—-5j+9
BC=0C - 0B =-61-2j + 3k
CD=0D-0C=-2i+3j-6k
DA=0A-0D=6i+2j-3k

|AB|=~/4+9+36 =7

IBC|=+36+4+9=7

ICD|=v4+9+36 =7

IDA|=~/36+4+9 =7

IBD| =64 +1+9 =74

|AC|=+16+25+81 =+/122
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L. [AB] = [BC| - | [A] 3] « 3]

ABCD is a rhombus.

16. Ifa=2i— 3j + 5k, b=—i+ 4j + 2k, then find a x b and unit vector perpendicular to both

aand b. (4M)
ik
Sol: 3 x 522_35
142
35 P25 2 3
=iy ol 73l o TRy 4
= i(=6 — 20) — j(4 + 5) + k(8 — 3)
— 26i - 9j+ 5k

Unit vector perpendicular to both 5 and , is
axb

T —
axb‘

4 (F261-9j+5k) L (=26i-9j+5k)
T J2612+ (9245 T T %2

17. Ifa=2i—3j+ 5k, b=—i+4j+2k, then find (a+b) x (5 - B) and unit vector perpendicular

toboth a+banda—b. (4M)

Sol: a+b=i+j+7k, a—b=23i-7j+3k

i j k

117

3-73
=i(3+49)—-j3-21)+k(-7-3)
=52i+18j— 10k

(at b)) x (a—b)l= \/(52)2 +(18)* +(~10)* = \/4[(26)2 +(9)* +5°]1=2782

Unit vector perpendicular to both atbanda-b

a+b)x(a—b
, (arb)x{ab)
N ‘(a+b)x(a—b)‘
B i(52i+18j—10k) _ i(26i+9j—5k)

- 24782 J782

(atb)x(a—b)=
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18. Find the area of the parallelogram for which a=2i- 3], b =3i—kare adjacent sides.
(M)

Sol: a =2i-3j, b=3i-k

i jk

2-30

3 0-1

Vector area of parallelogram = axb =

=i(3 - 0)—j(-2 - 0) + k(0 +9)
= 3{+2j+9k

Area = \QXE\ = NP +22+9
= V9+4+8l1
= o4

19. Ifa=i+ 2j + 3k and b=3i+ 5j — k are two sides of a triangle, then find its area. (4M)

1 - —
Sol: Area of triangle ) ‘a xb‘

axb

wn N =

i jk
23
351

=i(2-15)—j(-1 - 9) + k(5 — 6)
— 17i+10j - k

[axb| = =172 + (107 + (-1)?
= +289+100+1

= /390
. Area of triangle = %‘EXB‘ - % ‘\/ﬁ‘

V390

2
20. If O is the angle between a =21 —j + k and b =31 + 4j — k, then find sinf. (4M)
xd
Sol: Sinb = ‘5‘ ‘l_)‘
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]

axb

—_— = ®]

1
2
3

1
4 -
=i(1=4) = j(-2 - 3) + k(8 + 3)
= 3i+5j+ 11k

a x 13‘=\/(—3)2+52+112 =9 +15+121 =+/155
a|= 22+ (-1’ + 1 =VA+1+1 =6
b= 3"+ 42+ (=)’ =O+16+1 =126

G J155 155
Y= Jo26 156

21. Leta =2i+j -2k, b =i+j.IfE is a vector such that a.c = |c| ,

c- 5‘ =2\/§ and the

angle between axb and ¢ is 30°, then find the value of ‘(QXB) xc|. 4M)

Sols i T T F (2 —ATTTE -3
l_)‘:\/12+12 =2

c—a|=2v2

EREE)

il -2 a)=8

(M|

(@]

2+9—2H=8

—2

-2

(1) =0

H:l

E\+1=o

(@]

‘(EXB)XE‘= [axb]e]-sin30°
_ ‘EXB\ (1)%
(axb)<c

_ l\gxg\
2
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- —_12 1 -2
I 10

=i(0+2)—j(0+2)+k(2-1)
=2i—-2j+k
\axb\ =J4+441 =3
- = - 1 3
(1) 3‘(axb)xc‘ = 5(3) =3
22. Leta =4i+5)-k, b =1—4j+ Skand c =3 +j—k. Find vector o which is perpendicular
toboth aand b and a. ¢ =21. (4M)
Sol: There exist scalar A such that g, =A(axb)
i j k
- —_4 5 -
axb =
1 45

=i(25-4)—j20+ 1) + k(~16 — 5)
=21i-21j-21k
o =M2li-21j-21k)
o =21Mi-j-k)
but o.c =21
210 (i-j-k).GBi+j-k) =21

2IL3-1+1)=21
21 x 3 x A=21

1
"3
Lo = 21(% (i-j—k)
3
a=7(i-j-k)=7i-7 -7k

— — — — —2
23. For any vector a, show that |a x i*+]|a x jf+|a x k|2=2‘a‘ . (4M)

Sol: If a= xi+yj+ zk, then [a| = i + )7 +2°
i k

ax1=

o k< —

- . X z
1 0
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=1(0-0)-j(0-2) +k(0-y)
=zj—vyk

‘5 X i‘=\/zz+y2
Similarly fa x j| =+/z" +x’
‘5 X k‘:\/x2+y2
- 2 = 2 = 2
. ‘a X i‘ +‘a X_]‘ +‘a X k‘
=2 +y+ 22+ X2+ X2+ Yy =2(x2+y + Z2)
=2.(\/m)2
=2laf
24. Ifa =2i-j+k b =i-3j— Sk then find [axb|. (2M)
i j k
Sol: axb = 2 -1 1
1 -3 -5

—i(5+3)—j10 - 1)+ k(-6 + 1)
—8i+11j - 5k

[a < b = &+ 17 +(-5)
= J64+121+25
=210

25. Ifz =2i-3j+k b=i+4j-2k thenfind (a+b) x (a-b).

Sol: a4+p=3itj—k
a—b=1-7j+3k

1 j k

(38) « (a-5) =P 1

i3 -7)—ji(9+ 1)+ k(21— 1)
= _4i - 10j - 22k

(2M)



78 Basic Learning Material

26. If 4i+ 2?p j + pk s parallel to the vector 1+ 2j + 3k, find p. (2ZM)

Sol: If 3 =ai+aj+akisparallelto b =b,i+b,j+b.k, then

4 _ 3 _ 3
bl b2 b3
4 _2p/3 _p
1 2 3
_Pp
=3
=p=12

27. Find unit vector perpendicular to bothi+j+ k and 2i +j + 3k. (2M)

B _ (axDb)
Sol: The unit vector perpendicular to both 5 and { 1s = iW
1] k
- —_ 1 11
axb =
2 1 3
=i3-1)-j3-2)+k(1-2)
=2i—j—-k

[a < b = 22 (- + (1)
= Ja+1+1= 6

2i-j-%
. ; ; e =
. Required unit vector s

28. Find the area of the parallelogram having a= 2j—kand b=—itkas adjacent sides. (2M)

Sol: Area of parallelogram = ‘5 X B‘

1] k
- —_10 -1
axb =

-1 0 1

=i12-0)—-j(0-1)+ k(0 +2)
=2i+j+2k
.. Area of parallelogram = ‘5 x B‘ = m
= Jar1+4=
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29.
Sol: OA =i+2j+3k
OB =2i+3j+k
OC =3i+j+2k
AB=0B-0A =itj-2k
AC=0C-0A =2i—j-k
i ok
ABxAC=[1 1 -2
2 -1 -1
=i(-1-2) —j(-1 + 4) + k(-1 - 2)
=-3i-3j-3k
[ABxAC| = J55079 = 27 = 343
. e
Area of triangle = E‘AB X AC‘
1 33
- S(33) ===
30.
i j k
Sol: 4xp = 2 1
‘12 -4
=i(-4+2)—j(-8—1)+k(4+1)
=-2i+9j+ 5k
ik
- 12 4
bxc =
11 1
=2 +4)—j(-1 +4) +k(-1-2)
= 6i —3j — 3k
(EXB)- (BXE) = (-2i + 9j + 5k) . (61 — 3j — 3k)

Find the area of the triangle whose vertices are A(1, 2, 3), B(2, 3, 1) and C(3, 1, 2) (4M)

Ifa =2i+j-k b=—i+2j-4k c =i+j+k thenfind (a x b). (b x c). (M)

=(=2)(6) + (9(3) + (5)(3)

=-12-27-15
=_54
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31. Find a unit vector perpendicular to the plane determined by the points P(1, —1, 2),
Q(2,0,-1)and R(0, 2, 1). (4M)
Sol: OP=i1—j+2k;0Q=2i—-k;OR=2j+k
PQ=0Q-0OP=i+j-3k
PR=OR-OP=-i+3j-k
i j k
1 1 -3
-1 3 -1
=i(-1+9)—j-1-3)+k@B+1)
=8i+4j+4k
=42i +j+Kk)

PQ x PR|=4/411+1 = 46

(PQxPR)
Required unit vector = M

PQ x PR =

4Q2i+j+k)
A
NG
LQitji+k)
N

32. 1 [o| =13, [b| =5, a.b=60, then find [a x b|. M)

Sol: [ax b= fa [ - (ab)
= (13)%(5)* - (60)*
= 4225 - 3600 = 625
= [a x b =25
33. If a =2i+3j+4k, b=i+j—k, c =i—j+k, then compute a x (B X E)and verify that

it is perpendicular to a. (4M)

i ] k
Sol: pxg=[ 1 !
-101

—i(1-1)—j(1 + 1) + k(-1 — 1)
= 2j-2k
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i j k
a_>< (EXE):2 3 4
0 2 2
=i(-6+8)—j(—4 —0) + k(-4 - 0)
=2i+4j—4k

(Ex (b E)) a = (2i +4j — 4K). (2i + 3 + 4k)

=2(2)+43) H(H)
—4+12-16
=0

. oax (B x E) is perpendicular to g .

34. If3 =7i-2j+3k, b=2i+8and c =i+j+k thencomputeaxb, axc,

ax (E + E) . Verify whether the cross product is distributive over the vector addition.(7M)

i ik
Sol: axp = 723
2 0 8
=1i(-16—-0)—j(56 —6) + k(0 + 4)
=_16i — 50j + 4k
i j k
- - _7 23
1 1 1
=i(-2-3)—j(7-3) + k(7 +2)
= _5i —4j+ 9k
btc =2i+8k+it+tjt+k
=3i+j+9k
i j k
a_X(B+E)=7 23
3 19
=i(—18 — 3) - j(63 — 9) + k(7 + 6)
= 21i-54i + 13k e, (1)
ax b+ axc=-16i-50j+4k + (-5i — 4j + 9k)
= 21i-54i + 13k e, 2)
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From (1) & (2),

£3<(B—%E) —(a x b) + (a x ¢

. Cross product is distributive over the vector addition.
85. Ifa=i+j+k c=j—k,then find vector b suchthata x b = ¢ and ab=23.(7TM)
Sol: Let b =b,i+b,j+bk

Given, axb=c

i j k

I 1 1 —i-k

b, b, b,

— b,~b,=0;b b =1;b,—b =1

Letb,=b, =k
b -k=1 k—b =-1
b =1+k b =k+1
Given, a.b=3
(i+j+k).(i+bj+bk)=3
b, +b,+b,=3
k+1+k+k=3
3k=2
2

3
N T
. b=bi+bj+bk

5 2 2

1
=Zi+ 2+ 2k = —(51+2i +
Jit 3t k=3 Git2+2K)

36. If 5, b, care unit vectors such that 3 is perpendicular to the plan of },, ¢ and the angle

_ .-, - =, -
between pand ¢ isE, then find ‘a +b+ C‘ . (TM)

Sol: ‘5‘ - ‘E‘ _ ‘c‘ ~1
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‘£+B+E‘2 =‘5‘2+‘B‘2+H2 +2(5.E+E.E+E.5)
=1+1+1+2(0+|b||c| cOsgwj

1
=1+1+1+2(1.1-5j

=1+1+1+1
p+b+d =4
. \£+B+E\ =2

87. a=3i—j+2k p=-i+3j+2k ¢ =4i+5/—2k, d =i+ 3j+ 5k, then compute
() (axb)x(cxd) (i) (axb)-c-(axd)b. (7M)

i j k
Sol: axb P -2
-1 3 2
=i(-2-6)—j(6+2)+k(O-1)
=-8i— 8 + 8k
i j k
- - 14 5 -2
cxd =
1 35
=i(25+6)—j(20+2) + k(12 - 5)
=31i—22j+7k
i j k
N i W i -8 -8 8
(i) laxb)x(cxd)=
( ) ( ) 31-22 7

= (=56 + 176) — j(~56 — 248) + k(176 + 248)
= 120i +304j + 424k

(axb)-c = (-8i - 8j+8k).(4i + 5j - 2K)

=(=8)@) + (=8)(5) + (8)(-2)
=-32-40- 16
=88
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i
) 1

=i(-5-6)—j(15-2) + k(9 + 1)
= 11i— 13j + 10k

(Ex&)-E = (~11i — 13j + 10k). (=i + 3j +2k)
= (1)) + (~13)(3) + 10(2)

=11-39+20
=8

(axb)-c-(axd)b =88 - (-8)
=88 +8
=80

o<
o<
<
<
o<




Unit

Trignometric Ratios upto Transformations

In a right angled triangle ABC, 0 is an acute angle. x is opposite side, y is an adjacent

side, z is hypotenuse, then

X
Sin = — A
z
CosH = 2 z
z X
X
tan0 = ; 0
B J C
z
CosecO = —
X
z
SecO=—
y
Coto = Y
X

From the definitions of trigonometric ratios, we can observe the following

SinO CosO 1
tan0 = Cotd = : SecO = CosO =
D CosH 2) SinO 3) CosH 4 SecH
1
Sin0 = CosecH =
) CosecO 6) Sin6

Trigonometric Identities

1)

2)

Cos?0 + Sin?0 =1
Cos?0 =1 — Sin0
Sin?0 =1 — Cos?0
Sec?0 —tan’0 = 1
Sec?0 =1 + tan’0
tan’0 = Sec?0 — 1
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3) Cosec?0 — Cot?0 =1
Cosec?0 =1 + Cot?0

Cot?0 = Cosec?0 — 1

Values of the Trigonometric Functions

T _2n0 T _ 450 T _ o T _90°
Angle (6) 0° p =30 2 45 60 5 90
1 1 3
sinf 0 ) ﬁ g 1
3 1 1
cosf 1 g ﬁ ) 0
1
tan0 0 ﬁ 1 NE) 0
1
cot0 0 NE) 1 Na 0
2
cosect 0 2 2 NG 1
2
secH 1 ﬁ 2 2 0
* We can remember the sign of trigonometric functions in four quadrants by using the
following figure.
90°
y
T co<n T
IT quadrant > I quadrant | 0<0 <5
Sin6, CosecH are positive all positive
(Sugar) (Add)
180° 360°
X
(To) (Coftee)
3n 3n
IITI quadrant (TE <0 < 7) v quadrant [7 <0< 27‘5]
tan0, cotO are positive CosB, SecH are positive

270°
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Add Sugar To Coffee
Sin tan Cos
. . +ve +ve +ve
All Trignometric Cosec Cot Sec
functions are +ve
Cos Sin Sin
tan Cos Cosec
—ve —ve —ve
Cot Sec tan
Sec Cosec Cot
Angle (o) Sina Cosa tanol
nn—0 (=1)™'Sin6 (=1)"Cos —tan0
nn+0 (-=1)"Sin6 (=1)"Cosb tan0
T
(2n+1)5 -0 (=1)"Cosb (=1)"Sin6 Cot0
T
(2n+1)5 +0 (—=1)"Cos (=1)™'Sin6 —Cot0
. . ) nn
* Any trigonometric function for the angle 0 (nez),
(1) If 'n' is even integer, then there is no change in trigonometric function.

(11) If 'n' is odd integer, then there is change in trigonometric function as follows

Sin = Cos tan = Cot

Sec = Cosec

* Sin(—0) = —-Sin6, Cos(-0) = CosO; tan (—0) =—tanO

Cot(—0) = —Cot0, Sec(-0) = SecO; Cosec(—0) = — CosecO

Period of Sinx is 27
Period of Cosx is 21

Period of tanx is ©

* Range of Sin0 (or) Cosb is [-1, 1]

Range of tanf (or) Cot0 is R

All trigonometric functions are periodic functions.

Range of SecH (or) CosecO is (—o, —1] U [1, o)
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Compound Angles

* A, B are any two angles, then

1) Sin(A + B) = SinACosB + CosASinB
i) Sin(A — B) = SinACosB — CosASinB
ii1) Cos(A + B) = CosACosB — SinASinB
v) Cos(A — B) = CosACosB + SinASinB

T
* If none of A, B, A+B, A-B is an odd multiple of 5 then

+
tan(A+B) = tanA + tanB
1 - tanAtanB
tan(A - B) = tanA - tanB
1 + tanAtanB
* If none of A, B, A+B, A-B is an integral multiple of &, then
Cot(A + B) = CotACotB - 1
CotB + CotA
_l’_
Cot(A - B) = CotACotB + 1

CotB - CotA
* IfA, B, C € R then
Sin(A+B+C) = 3 (SinACosBCosC) — SinASinBSinC
Cos(A + B + C) = CosACosBCosC — 3 (CosASinBSinC)

Trigonometric ratios of multiple and sub multiple angles

1. Sin26 = 2Sin6Cos0, SinO = 2Sin6/2Cos6/2
0
2tan0 2tan A
= — = 2 e
1+tan’0 1+tan A
2. Cos20 = Cos?0 — Sin*0 CosO = Cos? 8/5 — Sin? 0/
=1-2Sin% =1-2Sin?0/5
=2Cos%0 -1 =2Cos? 9/ — 1
—tan20
1—-tan’0 1-tan A
=T 2 - 20
1+tan“0 1+ tan é
0
2tan® 2 tan A
3. tan20 =

PR tand="7__ 59
l1-tan"0 1-tan A
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20/ _

4 copp= S0-1 C e——COté :
. ot20 = 2Coto oto = 2C0t92
5 1 + Cos260 = 2Cos%0 1 + CosB = 2Cos? 9/
6. 1 — Cos26 = 2Sin’0 1 - Cosb =2 Sin?9/5

) 1-Cos20 ) 1-Cos9
7. Sin@=+,[—— Sin@/2 = *
2 2
1+ Cos20 1+ Cosd
8. CosO= £, |—— Cos0/2 = =
2 2
9 om0 — + 1-Cos20 an0)2 — + 1-CosO
C YT N Cos20 VT N1+ Cosd

* Sin30 = 3Sind — 4Sin’0

Co0s30 =4Cos°0 — 3Cos0

30 — 3tan0 —tan’0

an 1-3tan’0

Cot30 3CotO — Cot™0

of39= —— = 7
1-3Cot?0

Transformations
L.
* Sin(A + B) + Sin(A — B) = 2SinACosB
* Sin(A + B) — Sin(A — B) = 2CosASinB
* Cos(A + B) + Cos(A — B) =2CosACosB
* Cos(A — B) — Cos(A + B) = 2SinASinB
1I.

C+D C-D
SinC+SinD=2Sin( > jCos( > J

C+D C-D
SinC — SinD = 2Cos (—j Sin(
2 2
C+D C-D
CosC + CosD = 2C0s( > JCOS( > j

C+D C-D
CosC —CosD = —2Sin( j Sin( j
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ii.

iil.

Sol:

Sol:

Sol:

Sol:

Some Important Problmes with Solutions

Simplify the following problems

1
0 — 0__ 0y = 0= —
Cos315° = Cos(360° — 45°) = Cos45 NG

Cot(~300°) = —~Cot300° = —~Cot(360 — 60°) = —Cot (~60°) =

Sm T 3
sm(—} = sm(h ——j gt ¥

3 3 3 2

ol

Find the value of Cos?45° + Cos?135° + C0s*225° + Cos?315°.
Co0s?45° + Cos?135% + Cos?225° + Cos?315°

= C0s?45° + Cos?(180-45°%) + Cos2(180+45°%) + Cos?(360-45°)
= C0s?45° + Cos?45° + Co0s?45° + Cos?45°

SSARCARCARC

+

= —+ +

=2

N | =
N | =

1
2

N | =

3n 5T T o

) i
Find the value of Cot 20" Cot 0 Cot 20" Cot 20 Cot 20"

5T T

i 3n o
Cot—.Cot—. Cot—. Cot—. Cot—= = Cot9°. Cot27°. Cot45°.Cot63°.Cot81°

20 20 20 2077720
Cot9°.Cot27°.Cot(90° — 27). Cot(90°— 9°)

= Cot9°.Cot27°.tan27° tan9° = 1

Find the value of Sin330°.Cos120°+ Cos210°.Sin300°.

Sin330°.Cos120°+ Co0s210°.Sin300°
= Sin(360 — 30°) Cos(180 — 60°) + Cos(180 + 30°) Sin(360 — 60°)
= (-Sin30°) (—-Co0s60°) + (—C0s30°)(-Sin60°)

MRERRC

1
22 4

AW

+—=1

N | —

N | —

If Sina. + Coseca = 2, n € Z, then find the value of Sin"a, + Cosec"a..
Sina + Cosesa, = 2

I
Sina

— Sin%a + 1 = 2Sina

Sinqg +

Basic Learning Material
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= 1 —2 Sin*a + Sina =0
= (1-Sina)*=0
= 1 -Sina=0
= Sina=1 = a=90°

Sol:

ii.

Sol:

Sol:

iii)

Sol:

- Sin"q + Cosec"a = Sin"90° + Cosec"90° = 1"+ 1"=1+1=2
Eliminate 6 from the following.

(i) x =a Cos’0 ; y =bSin’0

% = Sin’0

1/3 1/3
X ) Y
CosH = (—J Sin0 = (—j
a b

-+ Cos’0 +Sin’0 =1

)2 y 2/3
pa— + —_— —
(3 <) -

x = a(SecO +tanO ); y=Db(SecO —tand )
Xy = ab(Sec’0 —tan’0 )
=ab(1)

X
— =Cos’0
a

Xy = ab
Find the period of the following functions.

Cos(3x+5)+7
f(x)=Cos(3x +5)+7

b _2n
Period = a3
tan5x
f(x) = tan5x
Period = —

eriod = 5
COS( 4x+9j
5

fix) = COS(4x+9]

. 2n 10t Sm
Period = —=—7=—

4/5 4 2
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1
8. 0 is not in 3rd quadrant, if Sin@ = 3 then find the values of a) Cos6 b) Cot0.

1
Sol:  Sin® = -7 <0;0 ¢ Q,. ‘

3
J8
=0 €Q,. /\/ |
3
8
a) CosO = g b) Cotd = _/g
1° 1°
9, Find the value of Sz'nzgzE - Sin2225 .
1° 1°
Sol: Sz'nzgzE - Sin2225 = Sin%A — Sin’B
= Sin(A + B) Sin(A — B) [0 [0
= Sin105°. Sin60° [ substituting A = 825 ;B = 225 ]

= Sin(90 + 15° Sin60°
= Cosl5°. Sin60°

B
S22 2

3 3+\5
NG

0 10

1
10. Find the value of C0521125 — Sin2525
1° 1°
Sol: LetA=112— ;B=52—
2 2

0 0

1 1
C0521125 - Sin2525 = Cos’A — Sin’B

= Cos(A + B).Cos(A-B) = Cos(165°).Cos60°
= Cos(180 — 15%) . Cos60°
=—Co0s15°.Cos60°

()

\/§+1
BN
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11.

Sol:

12.

Sol:

13.

Sol:

Find the minimum and maximum value of the function 3cosx + 4sinx.

Let f(x) = 3cosx + 4sinx

Comparing with f(x) =a sinx + b cosx + ¢, we geta=4,b=3,c=0.
Minimum value = ¢ — W

=0 - J#+3

- 35

=-5
Maximum value = ¢ + /a2 +b*
= 0+\4+3
=25
=5
Find the minimum and maximum value of the function Sin2x — Cos2x.

Let f(x) = Sin2x — Cos2x

Comparing with f(x) =asinx + bcosx +c,wegeta=1,b=-1,¢c=0.

Minimum value = ¢ — a’+b*
-

Maximum value = ¢ + /a2 11>
= J1+1

=2
Find the range of the function 7Cosx — 24Sinx + 5.
Let f(x) = 7Cosx — 24Sinx + 5

Comparing with f(x) =a sinx + b cosx + ¢, we geta=-24,b=7,c=5.

Minimum value of f(x) = ¢ — +/a>+b’

= 5- \(-24)*+ 7
=5-4576+49
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= 5-625
=5-25
=20

Maximum value of f(x) = ¢ + /a2+b?

= 5+625

=5+25
=30

.. Range = [-20, 30]

tan610° + tan700° _1 — p’
tan560° — tan470° 1 +p’ "

14.  If tan20” = p, then prove that

| tan610° + tan700° tan(360°+250°) + tan(360°+340°)
Sol: tan 560° — tan470°  tan(360°+200") - tan(360°+110°)

tan250° + tan340°

tan200° - tan110°

tan(270°- 20°) + tan(360" - 20°)
tan(180°+20°) - tan(90’ +20 )

cot20° - tan20°
tan20° + Cot20°

1
— P
p 1_p2
=p+l=1+p2 = RHS [ tan 20° = p]
p

tan0 +secO —1 1+sin0
tan0 —secH +1 cos0

15. Prove that

3 tan0 +secO —1
~ tan0 —secO +1

Sol: LHS

_ tan@ + secO - (sec’® - tan’0)
tanB - secH + 1

_ (tanB +secB) - (secH + tan6)(sech - tanb)
B tanB -secO + 1

(tan® + secO)(1 - secO + tand)
B (tan® - secO + 1)




Maths-1A

95

= tan0 + Sec0O

sinf 1
+

coso cos0

1+ sin0®
= =RHS
cos0

16. Prove that (1 + Cot0 — CosecO) (1 + tan0 + SecO) = 2.
Sol:  LHS = (1 + Cotb — CosecB) (1 + tan6 + Sec0)

( cosO 1 j( sind 1 )
=|1+——-— 1+ +
sin®  sin® cosO cosO

[sin@ + cosO — l) (cos@ +sin0 + lj
- sin®

cos0

(sin6 + cos@)2 -1
sin® cosO

sin0 + cos’0 + 2sinfBcoso - 1
sin® cosO

1+ 2sinBcosH - 1
sin® cosO

2sinBcosO
sin® cosO

=2=RHS

Cos11° +Sin11°

17. If O is in 3rd Quadrant and tan = then find the value of 6.

Cosl1° -Sinl1° ’
Cos11° +Sin11°

Sol:  tan0 = oo
Cosl1” - Sinl1
: 0
Cost1® |1+ Sl
Cosl1
= . 0
Cost1® |1- 2mil
Cosl1
_ I+ tanll’
1-tan11°
= tan(45° + 11°)
= tan56°

tan0 = tan(180 + 56°) = tan236°
= 0=236°
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18.

Sol:

19.

Sol:

20.

Sol:

Cos9’ + Sin9’
Cos9° - Sin9°

Cos9’ + Sin9°

Prove that = Cot36°

LHS= ———
Cos9’ - Sin9°
1 + tan9’ o . 0
" 1 -tan9’ [~ on dividing numerator and denominator by cos9°]
= tan(45° + 9°)
= tan54°
= tan(90 — 36°)
= Cot36" = RHS

T
IfA+B= R then prove that (1 + tanA) (1 + tanB) = 2.
A +B=45

= tan(A + B) =tan45’ =1

tanA + tanB
- =1
1 - tanAtanB
= tanA + tanB = 1 — tanAtanB
= tanA +tanB + tanAtanB=1 ... (1)

Now (1 +tanA) (1 +tanB) =1 + tanA + tanB + tanAtanB = 2 (- from 1)

2 2
Show that cos’0 + cos’ [?n - 6) + cos® (%—6) = %

cos’ (Z—E + 9) + cos’® (2_71_9)
3 3

= cos?*(120 + 0) + cos? (120 — 0)
= (c0s120°0s6 — sin120%in0)*> + (cos120°%0sO + sin120%in6)>
= 2[c0s?120°0s?0 + sin*120°sin’0] [+ (a+Db)*+(a—Db)*=2(a’+b?)]

S )
_2 (_—zlj Cos’O+ (?j Sin@]

-2 lCos29+ 3Sinz@}
4 4

= %[Cosze+ 38in26]
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[Cos’0+3Si*0] (1)

N | —

= Cos’6+Cos’ (%t +0 j +Cos’ (ZTH -0 j

1 3
LHS = Cos?0 + 5 Cos?0 + 5 Sin’0 [ From (1)]
= éC 20 + 3 Sin?0
= 5 Cos 5 Sin
3 ) 3
=5 (Cos?0 + Sin’0) = 5= RHS

Sina _ Cosa
b

21. , then show that aSin2 a¢ + bCos2a =b.

Sina Cosa
=k

a b
Sina = ak, Cosa = bk
LHS = aSin2 a + bCos2 a
=a(2SinaCosa) + b(l —2Sin*a)
= a[2(ak)(bk)] + b[1-2(ak)’]
= 2a’bk? + b — 2a’bk>
=b=RHS

Sol:

3

1
22. Provethat —— - ;=4
sinl0 cosl0

1
Sol: LHS=—— - 3 5
Sinl0”  Cosl10
_ Cos10° - 4/3Sin10°
Sin10°Cos10’

| NE)

2| —Cos10° - ~=Sin10°
2 2

;(2Sin10°Cos10°)

- 4[Sin3o°cOs10° - cOs3o°sm1o°]
Sin20°
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~ 4Sin(30° - 10°)

Sin20°
B 4Sin20°
Sin20°
=4 =RHS
A 5 C o)
23.  Ina AABC, tan— = =, tanD = E,then show that tan— = =
2 6 2 37 2 5
A+B C
Sol: A+B+C=180° =A+B=180°-C :>T=90—5
_l’_
tan A+B :>A B:90—9
2 2 2
A B C
=>tan| —+— | = Cot—
(2 2]
A B
tan5+tan—
= A B = Cotg
1- tan —tan — 2
2 2
5 20
g+§ C A 5 B 20
:— .o
= Cot— stan—=—, tan—=—
50 - o [ -2
6 37
185+120
222 C
=222-100 - Cot;
222
1
305
:E = tan —
tan— = E = 2
= ~305 5
tang = g
= T



Maths-1A

99

5w T

T 3
24. Prove that Cos®>— + Cos?— + Cos?’— + Cos*— =2.

8 8 8 8

5T 7n

RJ
Sol: LHS= Cosz—+ Cos>— + Cos*— + Cos?

25. Show that Sln— Sm2— Sin—Sin—=—.
5 5 5 5

8 8 8 8

_C 2£+C 23—R+C 2 T[_3_T[ +C 2 ]'[:_E
=Lo0s 3 oS ) oS 3 0S 8

=C ZE_’_C 23_]T+C 23_]I+C ZE
058 (O8] 3 (O8] 3 058

_ 2| Cos +C023ﬂ]
8 8

_ 2 cos? L +cog?| 2L
8 2 8

=2 Coszg + Sin’ gj =2(1)=2=RHS

3n 4t 5
16

3n

21 4r
. Sln—Sln—Sm—Sn—
Sol: LHS= 5 5 5 5

1
26.  Prove that (1 + Cos ln_Oj [1 + Cos 3_11) [l + Cos 7_7c) (1 + Cos ?—gj =

= Sin36°. Sin72° . Sin108°. Sin144°

= Sin36°. Sin(90-18) . Sin(90+18°). Sin(180-36°)
= Sin36°. Cos18°. Cos18°. Sin36°

= Sin?36° . Cos?18°

10-245 ) (10+2/5
16 )| 16

100-20 80 5

16x16  16x16 16

=RHS

10 10

o 3r T o
. =1+ Cos—j (1 + Cos —j [l + Cos —j [l + Cos —j
Sol:  LHS ( 10 10 10 10

- (1 + Cosij(l + Cosﬁj(l + Cos(n — ﬁD[l + Cos(n - ED
10 10 10 10
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100
= (1 + Coslj (1 + Cos3—nj (1 — Cos3—nj (1 — Coslj
10 10 10 10
= [1 — Cos’® lj (1 — Cosz—j
10 1
— Sin? Sin2E
10
= Sin?18° . Sin?54°
\E—l ’ \B+l ’
- 4 4
2
(\B—l)(x@H)
- 16
(5= 16 -—l-—RHS
T 16x16  16x16 16
5
27. If a, B are acute angles and Cosa = %, CosP= 3’ then show that
_Bj 2 [0- +B) 16
Sin’| —= |=— Cos =—
(1) ( 2 ) 650 ) 2 ) 65
Sol:  Cosa = 3 Cosp = el
5 4 5 13
12 13
Sina = 4 Sinf} = 12
5 3 13 3

(i) 23m?fj{{)=l—(bs@x—ﬁ)

[--2Sin?0 =1- Cos20 ]

=1 —[Cosa Cosf + Sina Sinf3]

35 412
|zt
[5 13 5 13}

15 48

"1_'65 65

_ 65-15-48
B 65
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B 65-63 2
65 65
Sin® (a _Bj _L
2 65
o +
(11) 2C052( > ﬁ) =1+ Cos (a+p) [-2Co0s?0 =1+ Cos20]

=1+ Cosa Cosp} — Sina Sinf3
35 412
R TR

15 48

65 65

65+15-48
a 65

80—-48
65

28. A, B, Care angles in a triangle. Then prove that

Sin2A + Sin2B + Sin2C = 4 SinASinBSinC.
Sol:  LHS = Sin2A + Sin2B + Sin2C
= 2Sin(A + B)Cos(A — B) + Sin2C
= 2SinC Cos(A — B) + 2SinCCosC [+ A+B+C=180°,A+B=180-C]
= 2SinC [Cos(A-B) + CosC]
= 2SinC [Cos(A — B) — Cos (A + B)]
= 2SinC [2SinASinB]
= 4SinASinBSinC
= RHS

29, Prove that Cos2A — Cos2B + Cos2C = 1 —4SinACosBSinC.

Sol:  Cos2A — Cos2B + Cos2C
=-2Sin(A + B)Sin(A — B) + Cos2C
= -2SinCSin(A — B) + 1 — 2Sin’C [- A+B+C=180°,A+B=180-C]
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=1 —2SinC [Sin(A — B) + SinC]

=1 -2SinC[Sin(A — B) + Sin(A + B)]
=1-2SinC[2SinACosB]

=1 —-4SinACosBSinC

30. A, B, C are angles in a triangle. Then prove that

. . . . A B C
SinA + SinB — SinC = 4Sm5 . SIHE. COSE

Sol: LHS = SinA + SinB — SinC
+
(A+B) Cos A-B

— 2Sin —— _SinC
2
B (A+B . (180-C
= 2CosgCos£— 2SingCosg Sln[ j = Sm( )
2 2 2 2 2 2
— 2Cosg cOsA'B- Sing :Sin(90—£] =cOs£
20 2 | 2 2
I - + , , +
- 2CosE CosA B—CosA B Sln£ = Sin 90-A B
20 2 2 2 2
B Cos( A+Bj
_ 2C0s S| 28in 2. sin 2 B 2
20 2 2

= 4Sin éSin ECos g
2 2 2

=RHS
A B .. C
31. Prove that CosA + CosB — CosC=-1+4 Cosz Cosz SlnE

Sol:  LHS = CosA + CosB — CosC

+ -
= 2Cos(A2B) Cos (%} - CosC

- 2SinECosA'B - 1-2Sin29
2 2 2

A_B-1+2Sin2%

= 2Sin gCos
2
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+ Sin—

— -1+2Sing COSA'B inC
2| 2

- +
-1 +28in% CosAzB +CosA B }

= -1 JrZSing 2Cosi .CosE
2| 2 2

A B. C
-1 +4Cos—Cos—Sin— =
> 5 5 RHS

32. A, B, Care angles in a triangle. Then prove that
Sin’A + Sin’B — Sin’C = 2SinA SinB CosC.
Sol:  LHS = Sin’A + Sin’B — Sin*C

=1 - Cos*A + Sin’B — Sin’C

=1 —(Cos’A — Sin’B) — Sin’C
=1-Cos(A +B) Cos (A—-B)—1+ CosC
= CosCCos(A — B) + Cos?’C

= CosC [CosC + Cos(A — B)]

=+CosC [Cos(A —B) — Cos(A + B)]

= CosC [2SinASinB]

= 2SinASinBCosC

=RHS

33. A, B, Care angles in a triangle. Then prove that
Cos?A + Cos’B — Cos?C = 1-2SinA SinB CosC

Sol: LHS = Cos?A + Cos’B — Cos*C

= Cos?’A + 1 — Sin’B — Cos*C

=1 + (Cos*A — Sin’B) — Cos?C

=1+ Cos(A + B) Cos (A —B) — Cos’C
=1 - CosC.Cos(A — B) — Cos’C

= 1-CosC [Cos(A — B) + CosC]

=1 - CosC [Cos(A — B) — Cos(A + B)]
=1 - CosC [2SinASinB]
=1-2SinASinBCosC

=RHS

<
<
o<
o<
<
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' Hyperbolic Functions '

1. vxeR,Sinhx=e_e
2. vXER,COSh)CIe e
3. VXER,taHhXT:e;_eﬂC
e’ +e
X+ —X
4. Y X eR - {0}7 Cothx = ex efx
e —e
2
5. Vv xeR, Sechx=——
e +e
6. Vv x eR—{0}, Cosechx=— >
e’ —e
Note:
0 -0
1) Coshy=4—¢ 1+l 2_,
2 2 2
e"—e’ 1-1 0
2 Sinh(0) = =——=—=0
) (0) 5 R
—x —(—x) —x x
3) Cosh(—x)ze e _¢ Te = Coshx
2 2
f(-x) = f(x)
.. Coshx is an even function.
(4)  Sinh(—x)= R el &
2 2

B eX _e—x '
= 7 = —Sinhx

= f(=x)=-fAx) .. f(x) = Sinhx is an odd function
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IDENTITIES
1. v x e R, Cosh>x — Sinh*x =1
2. vV x e R, 1 —tanh* = Sech’x
3. V x € R—{0}, Coth*x — 1 = Cosech’x

Theorm - 1

(1)  Sinh(x + y) = Sinhx Coshy + Coshx Sinhy
(i1)) Sinh(x —y) = Sinhx Coshy — Coshx Sinhy
(ii1)) Cosh(x + y) = Coshx Coshy + Sinhx Sinhy
(ii1)) Cosh(x — y) = Coshx Coshy — Sinhx Sinhy

4. YV x € R
) Sinh2v = 2SinhxCoshy — ——20x_
(1) inh2x = 2SinhxCoshx = 1 — >~
(i) Cosh2x =2Cosh’x -1
=1+ 2Sinh3x
_ l+tanh’x
1—tanh® x

= Cosh?x + Sinhx
5. v x,y € R
tanh x + tanh y

(i) tanh(x+y)=7 "4 y

tanh x —tanh y

(i) tanh(x-y) = 7" T v

6. vV x € R

] by = 2tanh x
(1) tanh2x= 1+ tanh?® x
(i) Coth Coth? x+1
ii 0 = —
Y7 T Cothx

Theorm: v x ¢ R

Sinh'x = log, (x +v/x +1)
Theorm: vy xe[l,0)

Cosh™'x =log, (x + \/ﬁ)
Theorm: vy xe(-1,1)

tanh™'x = %loge (H_x]

1—x
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PROBLEMS

1 Hsmmz%JManCkaxﬁmﬂm

Sol: Cosh?x =1 + Sinh?x

Coshr= >
oshr = -

Cosh2x = Cosh?x + Sinh2x

(6

25 9

= — 4 —

16 16

_ 3417

16 8
. . S(3)(3) _15
Sinh2x = 2SinhxCoshx = 4)\3) "%

2.  If Sinhx = 3, then show that x =log,(3+4/10)
Sol: Sinhx =3
x =Sinh'(3)

= 10g6(3+\/32+1) [- Sinh''x = loge(x+,[x2+1)]

x=log,(3++/10)

3. vV neR
(1) (Coshx - Sinhx)" = Cosh(nx) - Sinh(nx)
(i1) (Coshx + Sinhx)" = Cosh(nx) + Sinh(nx)

e tet e—e )
Sol: (i) (Coshx - Sinhx)" = ( - j
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(ii) (Coshx + Sinhx)"

=enx

ei’lX + e—nx eYL)C _ e—nx
= +

= Cosh(nx) + Sinh(nx)

4. If v xeR, prove that Cosh*x — Sinh*x = Cosh(2x).

Sol: Cosh*x — Sinh*x = (Cosh?x + Sinh2x) (Cosh?x — Sinh®x)
Cosh(2x) (1)

Cosh(2x)

1 1
5.  Show that Tanh™ (Ej = Eloge 3.

Sol: Tanh'x = llOge (H—xj
2 1—x




Unit 1 0

| PROPERTIES OF TRIANGLES '

Important Points - Formulas

A
In AABC,BC=4a,CA=b,AB=c
atb+c c b
a+tb+c=2S = SZT
Sine Rule: In AABC B " C
a b c R

SinA  SinB  SinC
R — circumradius of AABC.

Cosine Rule: a? = b? + ¢ — 2bc CosA
b?>=c?+a’—2ca CosB

c? =a’+ b*—2ab CosC

Cosp_ D tei-a o ctat-bt o attbbc
2bc ’ 2ca ’ 2ab

Projection Rule:

a=DbCosC + cCosB

b =cCosA + aCosC

¢ =aCosB + bCosA

Tangent or Napier's Rule:

tan(B_C =(b_cJCoté
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6 snh_ [CDE0 B [506-9 o C [Grasb)
2 bc 2 ac 2 ab
Cosé = '/s(s-a) ; CosE = S(S_b); CosE = S(-9)
2 bc 2 ac 2 ab
A (s-b)s-c) B (s-a)s-c) C (s-a)(s-b)
tan— = — . tan— = _— . tan — = - 7
2 s(s-a) 2 s(s-b) 2 s(s-¢)
1 ) 1 ) 1 )
7. AABCArea > A= EchmA = EcaSmB = EabSmC
A= \/s(s - 2)(s - b)(s - ¢) = 2R*SinASinBSinC.
o A _GD6-9 B (-a)6-0 . C (s-a)s-b)
2 A ’ 2 A ’ 2 A
Coté = S(s-a) ; CotE = —S(S _b); Cotg = —S(S ~©)
2 A 2 A 2 A
o AL A A A
’ s a2 5B §5-¢
r - radius of incircle
r,, I,, 1, - radii of excircles.
A . A _. B_ C
=— = Sin— Sin— Sin—
10. r S 4R > > >
A . A B C A
= — = Sin— Cos— Cos— = S§tan —
11. T, s a 4R > > 5 S )
A A . B C B
= — = Cos— Sin— Cos— = Stan —
12. r, s b 4R > 5 > San2
A A B_.. C C
= —— =4RCos— Cos— Sin— = =
13. r, s o 4R 082 052 ln2 Stan2
14. A2 =IT L
1 1 1 1
15. —=—t—+—
¥ or r

1 2 3

Short & Long Answer Questions
(Note: In all problems are refer to AABC)

3
1. In AABC,ifa=3,b=4and SinA = 1 then find angle B.

a_ b
SinA  SinB

Sol:  From Sine Rule,
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aSinB = bSinA

, bSinA 4() ' , 3
SinB = x 4) =1 (-- from assumption b =4; a = 3; SinA = Z)
3

SinB =1 = $in90°

/ZB =90°

63
2. Ifa=26 cm; b=30cm and CosC = s then find the value of c.

Sol:  From Cosine rule, ¢ = a? + b>— 2abCosC

63
c2=(26)* + (30)* - 2(26)(30)(5] (- from assumption rule a =26 cm; b =30 cm,

63
CosC = E
=676 +900 - 1512 =064
ct=64
c=28

3. Show that (b + ¢)CosA + (¢ + a)CosB + (a+b)CosC=a+b +c.
Sol: LHS =(b+ ¢)CosA + (c +a)CosB + (a+ b)CosC

=bCosA + cCosA + cCosB + aCosB + aCosC + bCosC

= (aCosB + bCosA) + (bCosC + cCosB) + (cCosA + aCosC)

=c+a+b (- from projection rule)
=a+b+c=RHS
s (b+c)CosA +(c+a)CosB+(a+b)CosC=a+b+c

4. Show that bCosZ% + cCoszg =s.

Sol: LHS= bCoszg + cCoszg

~ [S(S-C):l +C{s(s-b)}
Bl ab ac
_ s(s -¢) N s(s-b) s c+s_b]—

S S
a a a a

[2s —b—c]

[a+tb+c—b—c]

o | »

[a] =s =RHS

o | »

=S.

. bCos? 9 + ¢cCos’ E
2 2
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a CosA b CosB C CosC
5. Show that — + =—+ =—+ )
bc a ca b ab C
(bz +¢? - azJ
a CosA 2bc 2,2 2
Sol;: — +t———= 2 (- from Cosine rule, CosAzm)
bc a be a 2bc

a b*+c¢’-a’ 2a°+b*+ct-a’ a’+br+c?

= — + = =
bc 2abc 2abc 2abc
b  CosB a’+b*+¢?
Similarl — + =
tmarty, ca b 2abc
° . CosC  a’ +b’ +¢?
ab c 2abc
. i.;. COSA=£+ CosB =i+ CosC
" be a ca b ab C
CosA CosB CosC a?+b2+¢?
6. Show that + + =
b c 2abc
CosA CosB CosC
Sol: LHS= + b + .

(b2+c2-a2j (c“raz-sz (a2+b2-c2J
= 2bc + 2ca + 2ab (- from Cosine rule)

a b c

b+’ -a’ . c?+a’-b? . a’+b?-¢?
2abc 2abc 2abc

_b2+c2—a2+ ¢ —b*+a’+a’+b*-¢? a’+b? +¢?

2abc 2abc

CosA CosB CosC a’+b?+¢?
: + +

a b c 2abc

7. Write the value of aSinZ% + cSinZ% in terms of s, a, b,

- -b -b)(s -
Sol: aSinZ% +cSin2% = a{—(s ae)ﬂ(: )} +{—(s gis C)}

_ (s-a)(s-b)+(s-b)(s-c)
b b

=RHS

C.
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on

S_

[s-a+s-c] =%[2S-a -¢] =%[a+b+c-a - ¢]

o
o

S_

[b] =s—b

c‘ ‘

., C A
. aSin*= +¢Sin* = =g _
. 5 > s—b
2
8. Prove that CotéJrCotEJrCot9 _5 )
2 2 2 A

A B C
. = Cot—+Cot—+Cot —
Sol: LHS 5 5 5

s(s-a)+ s(s-b)+ s(s-¢) _

i[s-aJrs-bJrs-c]
A A A A

_ i[3s S(a+b+o)] = %[35 -25]

_ S s1=% —Ras
=Sl ===
2
Coté+C0tE+Cotg=s—
2 2 2 A
2
9. Prove that, tané +tanE+tang= betcatab-s .
2 2 2 A
A B C (s-b)(s-c) (s-a)s-c) (s-a)s-b)
: = tan— +tan —+tan —= + +
Sol:  LHS 5 > 5 A A A

_ s’ -s(b+c)tbe+s’ -s(a+c)tac+s’ -s(a+b)+ab

A
3s-2s(a+b+c)+ab+bc+ca ab+bc+ca -5’
- - = RHS
A A
A B C bc+ca+tab-s’
. tan— +tan —+tan —=
o 2 2 2 A
2
10.  If Sin = —~—, show that Cos = \/ECOSé.
b+c b+c 2
Sol:  Given Sin0 = & (1)
b+c

Cos?0+ Sin0 =1
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2
a

20 =1 _S[in20 =1 _ .o

Cos’0=1-Sin6=1 (b+cj [-+ from (1)]
a’ (b+c)Y—-a> (b+c+a)(b+c-a)
~ (b+e)Y  (b+o) (b+c)’
2s(2s-a-a) 2s.2(s-a) bc
NG bc  (b+c)
4s(s-a) be A bc 4bc , A

20 = . = 4Cos” —. = Cos™—
Cos’0 =" b+oy 2 btef (brop o 2
- CosH = 2\/§ Cosé

b+c 2
2+/b A
11. If a= (b + c¢)CosO, show that Sin6 = oe Cos—.
b+c 2
: _ __a
Sol:  Given, a= (b +¢)Cosd = Cosb = bt e
Sin%0 + Cos?0 = 1
a’ (b+c)2-a2

2
o _ 4 ), ——
Slnze—l—Cosze—l—(b+cj _1_(b+c)2_ (b+c)2

(b +c+ a)(b +c- a) (25)(25 -a- a) (25)2(s - a)

) (b+cf ~ o (bre) T (bref
s(s-a)  be , A be
bc (b+c) 2 (b+cy
bc A
2N f———— 22
Sin%0 4(b+c)2.COS 5
. Sinf = 2vbe Cosé
b+c 2
24/ . A
12. Ifa=(b-c) SecH, show that tanf = be Sin—.
b-c 2
a
Sol: a=(b—c)SecOd = Secb = b-c

2
tan’0 = Sec’0— 1 = (Lj -1
b-c
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13.

Sol:

14.

Sol:

a’-(b-c)’ (a+tb-c)(a-b+c)

2 — =
tan’0 (b i c)2 (b _ c)z
2(s-c¢).2(s-b) 4(s-c)(s-b) bc
- (b-e) T be  (b-cf
be ., A
_4——Sin"—
tan?0 = (b _ C)2 P
2+/bc .
-, tanO = \/_Smé
-C 2
a’ +b> +¢?
Prove that CotA + CotB + CotC = T
CosA
+ + = =
CotA + CotB + CotC = Y CotA = SA
(bz-l- cz_ az}
z %bC Z b2+ cz_ az
= SinA 1= £ 2peSinA
2 2 2
_ zm [vA= lchinA]
4A 2
b’+c*-a’ c*+a’-b*  a'tb’-¢?
= + +
4A 4A 4A
b’ +c’-a’+c? +a’-b’+a’ +b’-c”  a’+b’+c] _ RHS
- 4A - 4A -
a’ +b> +¢?
. CotA +CotB + CotC=————
4A
1 3

1
In AABC, if . + , then show that ~/C = 60°.

+c b+c:a+b+c
1 1 3
+ =
at+tc b+c at+b+c

b+c+a+tc 3

(atc)b+c) a+b+c
(atb+2c)(atb+c)=3(@+c)(b+c)

a’+ab + ac + ba + b> + bc + 2ac +2bc + 2¢* = 3 [ab + ac + bc + ¢?]
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a2+b>—c?=ab

Tx3

2abCosC = ab (- from Cosine rule)
2CosC =1
1
CosC = 5= Cos60°
S ZC=60"
15. In AABC, if aCosA = bCosB, then show that triangle is either isosceles or right angle
triangle.
Sol:  aCosA =bCosB
2RSinACosA = 2RSinBCosB (- From Sine rule)
Sin2A = Sin2B = Sin(180 — 2B)
2A =2B (or) 2A=180-2B
A=B (or) A=90-B
A=B (or) A+ B=90°
= a=b (or) £C=90°
. AABC is isosceles or right angle triangle.
16. Ifa:b:c=7:8:9 then find CosA : CosB : CosC.
Sol: a:b:c=7:8:9
a_b_c
7 8 9
a=7k;b=28k;c=9k
b2+c?-a2  64k*+81k* -49K*  96k> 2
CosA=——F = =— ==
2bc 2(8k)(9k) 144k 3
al+c?-b> 49k + 81k’ -64k> 66k 11
CosB=—— = =—— =7
2ac 2(7k)(9k) 126k 21
al+b2-¢?  49K°+ 64k -81K°  32K2 2
CosC=—F7—F——-= =—— ==
2ab 2(7k)(8k) 112> 7
CosA : CosB : CosC 2 12 (EEZJ = (2X3
o CosA: CosB: CosC= 31 50 0 o = | 377 TR

CosA:CosB:CosC=14:11:6
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17.

Sol:

18.

Sol:

19.

Sol:

+CotB+
In AABC, P, P,, P, are altitudes, then show that Lz"‘i 1 _ CotA+CotB CotC.

>t 2
A SR A
In AABC, AD, BE, CF are altitudes.
Let AD=P,BE=P,, CF =P, A
1 1 1
A=—BCxAD=—CA x BE= —AB X CF
’ 2 2 F E
1 1 1
A= Ea.P1 = Eb.P2= EC.P3
B D C
2A 2A 2A
PR T R T
L1 1 2 p & alabiad
P2 p2 p2 = + + =
P12 Pzz P32 4AN* 4N 4N? 4A?
1(a>+b”+c’ 1
Al 4A = Z(COtA +CotB+CotC) (.- From problem 13)

L L L_ CotA+CotB+CotC

‘P’ P’ P A
Show that ZaCotA =2(R+r).

CosA
= ZZRCOSA

= CotA = ) 2RSinA =
LHS Za 0 z SinA

= 2R (CosA + CosB + CosC)

=2R|[1+ 4SinéSinESing
2 2 2
. . A, B, C
(- from transformations CosA + CosB + CosC =1 + 4SlnESm ESmE)

= 2| R +4RSin éSin ESing
2 2 2

=2[R + 1]

ZaCotA =2(R+71)

Prove that r(r, +r, +1,) =ab + bc + ca— s>,

Al A A A
LHS=r(r1+r2+r3)=; + +

s-a s-b s-c

S

A’ ((s-b)(s—0) + (s-—a)(s —0)+ (s —a)(s - b)
- (s-a)(s-b) (s-c)
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20.

Sol:

21.

Sol:

Al -slbb+c)+s -sla+c)+s —s(a+b)+bc+ac+ab]
A2
=3s?-2s(a+b+c)+ab+bc+ca
=35’ —2s(2s) +ab + bc +ca
=ab + bc + ca—s*=RHS
. r(r, +r,+r)=ab+bc+ca-g

In AABC show that r+r,+r,—r=4R.

r1+r2+r3—r

= 4RSiné COSECOSE+ 4RCoséSinE COSE + 4RCOSéCOSE Sing
2 2 2 2 2 2 2 2 2

.A . B_, C
— Sin— Sin — Sin—
4R 2 2 2

4RCosg Sin éCosE + Cos éSinE + 4RSing Cos éCosE - Sin éSinE
2 2 2 2 2 2 2 2 2 2

= 4RCOS£Sin é + E + 4RSingCos é + E
2 2 2 2 2 2

+ +
= 4RCosgSin A+B + 4RSingCos A+B
2 2 2 2

arsin[ 2B + € _ 4rsin[ A7) _ 4rsin[ ©
> 2 2 >

=4R(1) =4R =RHS
Lt —r=4R

In AABCprove thatr + 1, + 1, —r, = 4RCosC.
LHS=r+r1 +r, -,
. A . B_ C . A B C A_. B C
Sin— Sin— Sin—+ Sin— Cos— Cos— + 4R Cos— Sin — Cos—
4R 2 2 2 4R 2 2 2 4R 2 2 2

A B .. C
— Cos— Cos— Sin—
4R 2 2 2

= 4RSiné Sin ESing + Cos ECosg + 4RCOSé SinECosg - Cos ESing
2 2 2 2 2 2 2 2 2 2

4RSinéCos B - E + 4RCoséSin B - g
2 2 2 2 2 2
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22.

Sol:

23.

Sol:

=4RCosC = RHS
B e S 4RCosC

T DL D)fL 1} abe 4R
Prove that r )\ n )\ s SO
T 1yt 1
ron)\r n)\r n
ptaiy s [ G
A A A A A A ) A A A

%i)[k)(i)zﬁzﬁzﬁ { A= abe —4RA}
ANaNa) " A T A T Al 4R’

4R 4R
(rs)’ s’ [+ A=)
T 1yl 1)1 1} abe 4R
rorn)\r on)lr o) T A RS
3
Show that ZW T
A LA
LHS = Z(s DE-0) ~ 26 a6 569 [ ! s-a}
A
_Z A? CoA2
= (] [ A =s(s-a)(s-b)(s-©) ]
S
sA S s S s 3s
=) —=)—=—F—+—=—
A2 A A A A A
S 1 3
(3 s
I, :E
- Z(s-b)(s-c) r

Basic Learning Material
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r
24. Show that CosA + CosB + CosC =1 + E

A+B A-B
Sol:  LHS = CosA + CosB + CosC = 2Cos( 5 jCos( 3 j + CosC

_ 2SingCOS(A 'B)+ 1-2sin2 & (~.'A+B:9O—E, cOs[“B]:smEj
2 2 2 2 2 2 2
~1 +2Sing COS(A-BJ -Sing
2| 2 2

i - +
=1+28inE Cos A-B -Cos A+B
2| 2 2

=1+ 2Sing 2SinéSinE
20 2 2

=1+4Sin éSin ESing
2 2 2

4RSinéSinESing
= 2 2 2 =1+

r
1+ = R—RHS

r
. CosA +CosB +CosC=1+ E

A B C r
. Cos*— + Cos>— +Cos* = = 2 +—
25 Show that > > 5 R

Sol: Coszé + CosZE + Coszg - COSZ% +1- Sinzg + COSZE

+ -
=1+ Coszé—Sin2E +CoszE:1+Cos A+B Cos A-B JrCosZg
2 2 2 2 2 2

+
A2B 90_%
. C A-B . ,C
=1+ Sin—Cos +1-Sin"— +
2 ( 2 j 2 COS(A Bj=Sing

>
vy,

- 2+Sing Cos -Sing
2 2 2

:2+Sing Cos A-B -Cos A+B
2] 2 2
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(2R). 2Sin§Sin§’Sin ¢

2+ =2+

2+Sing 2SinéSinE = 2+2$il’léSinESin£
2 2 2 2 2 2

4RSin é Sin ESin 9
2 2 2

2R

24 =
R RHS

- Coszé + Cos?
v 2 2R

26. P, are the altitudes drawn

In AABC, P

respectively, then show that

1° 2’

E-1-Cos2§ 2+

2R

from the vertices A, B, C to the opposite sides

1,1 1 1 1,1 1 1 (abc)’  8A’
_+_ =D e L= . _ _oA”
(1) P, P, r (i P, P, P 3 (ii1) PP, P 8R’ abc
Sol: In AABC
AD =P, BE =P, CF = P, arc altitudes. A
1 1 1 .
A=5a.P1=5b.P2=Ec.P3 F Eb
2A—aP 2A—bP2 2A =cP
2A 2A 2A B D C
= RhE k= 2
. P 1.1 a b ¢ atb+c 25 s 1
) S Foto =ttt = =222
PP, P, 2A 2A 2A 2A 2 At
.. R S _a_ b ¢ atb-c 2s-c-c_2s-0) _s-¢ 1
) p "B P T2a 2A 24 22 2a C 2a A oy
(i) P P.P 2A ZAXZA 8A°
iii = X x—=
17273 a2 b ¢ abc
abc ) 3
gl — 8(abc) (abc)2
= _\4R) = (64R*)abe ~ “gRo
abc 8R
PP P — (abc)®  8A’
o2 8R*  abc
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27.

Sol:

28.

Sol:

65 21
Ifa=13,b=14,c=15, then show that R=—,r=4,r = —,r,=12and r, = 14.

8 2

a=13,b=14,c=15

2s=a+b+c=13 +14+15=42

s=21

A2=s(s—a)(s—b)(s—c)=21(21-13) (21 -14) (21 -15)
=(21) (8) (7) (6)

A= J21x8xTx6 = JTx3x2x2x2xTx2x3 =7 %3 x2x2=84

A =84
abc 13x14x15 65
T 4N 4x84 8
Am
S 21
A 84 84 21
rl:s-a :21-13 - ?:?
A 84 84
LT5p 20-14 7 12
A 84 84
T soc 21-15 6 4
65 21
‘,R=?,r=4,rl=7,r2=12,r3=14

Ifr,=2,r,=3,r,=6 and r= 1, then show thata=3,b=4,c=35.
r=2,r,=3,r,=6,1=1

A =rr 1,1, = (1)(2)(3)(6) =36

A=6
A A 6
r=— = s=—=—=6
S r 1
s=6
A A6,
Nsla T84T T
s—a=3
6—-a=3
a=3
_A A6
r2_s—b::>s_ 3
2



122

Basic Learning Material

29.

Sol:

30.

Sol:

A A
r,=— s—c=_ =
308 c:> 7
6 1
c

o Y Ke))
Il
—_

—cC
=5

~a=3,b=4,c=5

In AABCr, =8, 1, =12, r, = 24 then find the values of a, b, c.

r=8,1,=12,r,=24
1 1 1 1 1

—=—t—t—== -
ron n rp 8 12 24 24

r=4

I 1 3+2+1 6

A2 =Trnr = (@)8)(12)24) =4 x 8 X 12X 12x2=12x 8 x 12 x 8

A =12 x8=96
A =96
A 96
A=T1S = s=—=—=24
4
s =24
_A A9
Nsia T8 Ty T
s—a=12
24—-a=12 = a=12
A A%
ET N T
s—b=8
24-b=28
b=16
A A%,
EITS A VI
s—c=4
24—c=4
c=20

~a=12,b=16,c=20

1 1 1 1 a2+b2+02

—t—t—t— _
Show that P A2

1 1 1 1 2 _ 2 _ 2 _ 2
R S S L Y Chl VGRS

2 2
ren non A A A

%[sz +(s-a)’ +(s-b) +(s-c)’]

AZ
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[sz +s*+a? 2as + s +b? - 2bs + s+ ¢? —205}

[45 2s(a+b+c)+a’ +b2+c}

31 Showthatr—1+r—2+r—3=___
. bc ca ab r 2R’

I, I, L 1
. =1+ 2+ 32 - — Jar +br, +cr
Sol: ~ LHS bc ca ab abc[ ! : ]
A
= ar, = — > 2RSinA. stan—
- Ly Z

SinA 1
= —Z2R 2Sin > Cos2 5. / = —3) 4RSin’ —
2 2 abc

A

Cos A
4RSZS 2 A =iz:l-CosA {.'A:aﬁ}
abc 2 A 2 4R

1[1 -CosA 1-CosB l—CosC}
— + +

r 2 2 2

1] 1-CosA+1-CosB+1-CosC 113 -(CosA + CosB + CosC)
7 2 7 2
- L[3 - (CosA + CosB + CosC)] [ CosA + CosB + CosC =1 +4Sin 2Sin 2sin 9}

2 27272
= 1 3- 1+4SinéSinESing

2r 2 2 2
= 1 2 —4SinéSinESing

2r 2 2 2

4SinéSinESing 4RSinéSinESin9 1 r

=2 2- 2" 2 =1 2 2 2=

2r 2r r 2rR r 2R
LI RHS
r 2R

<
<
o<
o<
<
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